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POGO SUPPRESSION ON SPACE SHUTTLE -
EARLY STUDIES

By S. Rubin, R.G. Wagner and J.G. Payne
The Aerospace Corporation

SUMMARY

Preliminary studies for pogo prevention on the Shuttle vehicle are report-
ed. Section 1 on "Coupling of Hydroelastic Tank to Feedline" displays the im-
portance of the effect of oscillatory outflow from a hydroelastic tank in terms of
normal modes of vibration for a structure containing a closed-bottom tank., The
primary influence of the tank outflow is shown to be a new generalized force on
the structural modes which equals the product of the modal pressure at the tank
bottom and the volumetric outflow. The equations derived should be employed
for future mathematical models.

Section 2 on "Method of Approximate Stability Analysis™" describes a gen-
eralization of a previously developed method so as to account for such additional
matters as tank outflow, the presence of two separate pumps for a propellant,
and the presence of an accumulator at the inlet of either pump. Propulsion-
feedback frequency response is derived in closed form for a system containing
one engine, one propellant, and one structural mode. Evaluation at undamped
feedline resonances reveals the conditions for which the contribution of tank
outflow is stabilizing or destabilizing. The results are then employed to develop
a criterion for identifying those structural modes which are of potential signifi-
cance for system stability. Use of this method is recommended for preliminary
evaluation of pogo stability, including the evaluation of accumulators.

In Section 3 on "Feedline Modeling" various finite -element and normal-
mode models for uniform hydraulic feedlines are evaluated with the objective of
minimizing the required number of second-order equations. A criterion of ac-
curacy is based on a 5-percent tolerance on frequency and amplitude for the four
admittance functions which relate flow and pressure at the two ends of a long
line, The result is a procedure for optimum modeling a complex feedsystem
using a building-block approach. A criterion is given for selecting either a par-
ticular finite-element approach or open-open modes for each section of the feed-
system,

Section 4 on "Engine Analysis and Testing" makes specific recommenda-
tions for the analytical estimation of pump cavitation compliance and dynamic
gain. It also identifies weakness in thepast practices of pump testing and pro-
poses a three-phase program of turbopump dynamic testing involving: (a) com-
puter simulation studies of test practices, (b) comprehensive dynamic tests of
available subscale pumps using water, and (c) verification tests on full-scale
turbopumps using propellant. The development of a flowmeter for dynamic flow
measurement is recommended.



The last section on "Vehicle Studies" relates the results of numerical
studies on the booster lox system of the preliminary vehicle configuration based
on the approximation method described in section 2. It is concluded that an
accumulator between the boost and main pump offers promise of higher effective~
ness than one at the engine inlet. It is also concluded that the small distributed
resistance of feedlines can be important for high-frequency peaks in propulsion
frequency response. A first estimate of the cavitation compliance of the Shuttle

pumps is given.



INTRODUCTION

The effort to achieve pogo stability on the Space Shuttle vehicle system is
complicated by the unusual degree of complexity and variability in the system
dynamics. Complexities of the liquid propulsion system are introduced by the
multiple organ-pipe modes of the long oxidizer feedline in the frequency range
of the active structural modes and by the intricate nature of the high-chamber-
pressure engine, particularly the presence of multiple pumps for each propel-
lant, Structural complexity results from the multibody configuration which
gives rise to strong coupling of longitudinal to other motions. Variability is
contributed to the structural dynamics by the wide range of payloads and to the
propulsion dynamics by the thrust-control feature of the engine. Pogo suppres-
sion, therefore, is made more demanding by the fact that stability must be
established over a much wider range of system variables than has heretofore
been required. As a consequence, additional burdens are placed on the mathe-
matical modeling, on the experimental programs, and on the analysis tech-
niques to assure that stability can be achieved. The studies reported deal with
various elements of the task of preventing pogo on the Space Shuttle in conso-
nance with the criteria and recommended practices provided by reference 1.

Studies began with an assessment of the interaction of the booster lox sys-
tem with the structural system. This study paralleled similarly directed stu-
dies of the early configuration by vehicle contractors and by NASA, Of parti-
cular concern to us was the stability at coincidences of higher modes of the oxi-
dizer feedsystem with structural modes, So, while other studies of accumulators
were limited to a location at the engine inlet as used on past vehicles, our stu-
dies dealt with the additional possibility of an accumulator between the boost
and main pumps. The concept of an interpump accumulator is to introduce
damping at feedline resonances by the action of the resistance of the boost pump
upstream of the accumulator. Engine contractors were contacted about the
practical feasibility of an interpump accurnulator and the response was favorable.
It was then learned that one engine contractor was considering an accumulator
downstream of the first-stage of the main lox pump to reduce high-frequency
peaks in propulsion frequency response. This location was then added to our
studies.

The approximate method of analysis, previously developed during studies
of Titan pogo stability and later employed for Saturn V S-IC studies, was ex-
tended to deal with the presence of two pumps, multiple accumulator locations,
and distributed feedline resistance. It was felt that the latter might be signifi-
cant for the engine-inlet accumulator, since the small feedline resistance is
the only means for dissipation upstream of the accumulator. The approximate
method was particularly valuable for identifying the most critical stability con-
ditions. In particular, the most critical tuning of the higher feedline modes
with structural modes was readily accomplished.

Results of a numerical study for one of the proposed vehicle feedline con-
figurations showed a superiority for the interpump location. These results are
described in section 5. Subsequent analyses for another feedline configuration
produced a condition of instability that was clearly incorrect in that the system
was behaving in an essentially passive manner (that is, with negligible thrust



oscillation). The suspected difficulty was the lack of account for the influence
of oscillatory flow out of the vehicle tank on the forces exerted on the tank walls.
Based on the work of reference 2, such an effect was identified in reference 1
as a lack in the state of the art of structural modeling for pogo. A thorough
analytical study of outflow was conducted and the result was the formal deriva-
tion of the appropriate equations appearing in Appendix A and the interpretive
discussion in section 1. Section 2 shows the effect of the outflow on the pro-
pulsion-feedback transfer function, and then the importance of outflow under
certain restricted conditions is evaluated. On the basis of these results, the
criterion given in the Appendix of reference 1 for selecting the significant struc-
tural modes for pogo stability was revised,

Another major study was directed toward an evaluation of approaches to
the mathematical modeling of feedlines, The requirements for such modeling
were more severe for the Shuttle than on past vehicles because of the desire to
maintain accuracy over a number of organ-pipe modes and to account for resis-
tance. A variety of approaches to feedline modeling have been employed over
the years for pogo studies. The need for Shuttle was for a consistent and com-
prehensive evaluation of promising alternative approaches, Included was the
need for an accuracy criterion that was based on the role of the feedline in the
frequency response of the propulsion system, The study described in section 3
is our contribution in this area.

Still another study was directed toward improving the experimental deter-
mination of the dynamic behavior of turbopumps. As pointed out in reference 1,
experience has shown that such tests are difficult to perform and have produced
questionable results, Some of the difficulties with past test practices are iden-
tified in section 4, A new approach is discussed and our proposed three-step
program for Shuttle pump testing is outlined.



SYMBOLS

Units: M (mass), F (force), L (length), T (time)

a acoustic velocity, [LT-I]

A area [LZ]

AT throat area of combustion chamber, [LZ]

bn a ratio of pressures, defined after eq. (2-13)

B see eq. (2-18)

C compliance, [F-l L5]

Ce Thrust coefficient, [-]

c* characteristic velocity of combustion chamber, [ L T-l]

D ratio of engine -inlet force to thrust, defined after eq. (2-13),
sometimes 1/D or l/DR is called "engine gain, " [—]

F force, [F]

g standard acceleration of gravity, [L T-Z]

Ge structural gain for engine motion, ¢2(e)/M, [M-l]

h, height of propellant in tank, [L]

h, height of tank-to-engine feedline, [L]

H(s) propulsion-feedback transfer function, see eq. (2-13), [FL-1 TZ]

H value of H (iw) at w_, [FL'1 TZ]

i imaginary unit, \/j

I variational integral

J factor defined after eq. (2-13), [-]

K stiffness, [F L-l]

2 line length, [L]

L inertance, [FL—5 ¢ or ML-4]

< Lagrangian



m +1

d

W P .0

0

i

OF

pump dynamic gain, [—]
mass
generalized mass of nth structural mode, [M]

number of segments

modal tank-bottom pressure per unit acceleration of generalized

coordinate, [FL-3 T2]
oscillatory pressure, [F L-Z]
generalized displacement of nth structural mode

volumetric flow, [L3 T 1]

5

Resistance, [FL ™~ T]

Lapllace variable used to denote the complex frequency o + iw,
[T-1]

time, [T]
thrust, [F]; kinetic energy, [FL]
effective thrust, [F]

e T]

thrust per unit mass flow into chamber, [M~
potential energy, [FL]

structural displacement, [L]

fluid displacement, [L]

element of admittance matrix, [F-ILST-I]
flow admittance, [F-ILST-I]

flow impedance, [F L-ST]

element of a transmission matrix, various units

anfe number (angular frequency divided by acoustic velocity),
[L-*]

variation of F
fraction-of-critical damping for structural mode, [—]

structural damping required for neutral system stability, [—]



k| Farameter describing effect of outflow excitation, see eq. (2-18),

-

6 complex propagation angle

P propellant mass density, [M L-3]

o real part of complex frequency, [T_l]

T travel time in a hydraulic line, \/r(—?—or 2/a, [T]
1 vaporization time delay, [T]

Ty chamber residence time, [T]

¢n modal displacement, [—]

d velocity potential function

w angular frequency, [T-l]

w, natural frequency of structural mode, [T-l]
w* feedline natural frequency, [T-l]

W, quarter-wave organ-pipe frequency of feedline, [T- ]
Subscripts

a accumulator

b bubble

d discharge

e engine

f fluid

I imaginary part

k index for structural-system modes

£ feedline

n nth structural-system mode

P pump

R real part; relative



suction

tank

determinant
at tank bottom
at engine

fluid

mathematical operator del



1. COUPLING OF HYDROELASTIC TANK TO FEEDLINE

1.1 Introduction

In liquid-propellant missile systems the pogo vibrational stability prob-
lem is a result of coupling between the vehicle structural dynamics and the dy-
namics of the propulsion system. In formulating a linear mathematical model
of the phenomenon a modal representation is employed for the structural sys-
tem. The model is generally defined so that the active stage includes only the
propellant in the tanks, with the tanks usually treated as if closed-off at the
tank/feedline interface. The propellant feedsystem is then analytically coupled
to this constrained structural system.

In the usual approach the change in tank pressures resulting from dyna-
mic flow out of the tanks (termed "outflow") is neglected when coupling the
feedline to the tank. The rationale is simply that because of the smallness of
the line area relative to the tank cross-sectional area, this flow should have a
negligible influence on fluid pressures within the tank, and therefore the effect
on the structural system-should also be negligible. Reference 2 correctly con-
cluded that this assumption is invalid. It was shown that the integrated effect
of the small change in the tank-interior pressures can easily produce a gene-
ralized force on the structural modes which is of the same order of significance
as one of the basic propulsion system forces, the engine-inlet force. This
result has been ignored until recently. Unfortunately, although the correct con-
clusions were reached in reference 2, the derivation contained a minor error
and was limited to a very elementary model of the tank. Since the results are
therefore not directly applicable to current structural models which employ
quite detailed descriptions of the propellant/tank systems, a more general
derivation of the outflow equations was necessary.

Reexamination of the outflow problem during this study was motivated by
an anomalous result found in the course of analysis of the early Shuttle confi-
guration during an investigation of various accumulator placements. Applying
the usual approach of neglecting outflow effects, an instability was predicted.in
a particular circumstance when it was clear that the system should not have
been unstable. (The system parameters were such that no significant thrust
resulted for frequencies in the vicinity of the predicted "instability, " so the
system was essentially behaving in a passive manner.) Subsequent analyses
indeed showed that the anomalous behavior was the result of not properly ac-
counting for the outflow effects.

General dynamical equations have therefore been derived, accounting for
the effects of tank outflow when the feedlines are coupled to the tanks. It is
shown that the assumption of negligible influence is in general invalid and that
the resulting forces applied to the structural system are significant when com-
pared with other propulsion-system forces. Consistent with the usual formula-
tion of the pogo model a modal representation of the structure is employed.



1.2 Method of Analysis

A derivation of the equations for coupling the feedline to a tank is pre-
sented in Appendix A, Only the case of a single propellant tank is considered
since incorporation of multiple tanks is an obvious generalization. As shown
schematically in the free-body diagrams of figure 1, the structural/propulsion
system is separated into a structural system with fluid in the tanks (fig. 1b),
and a feedline -engine or propulsion system (fig. lc). Outflow from the tanks is
a permissible fluid motion of the structural system. The forces F; (i =1, 2)
are a symbolic representation of the usual propulsion-system forces, such as
thrust, engine-inlet force, and reaction forces at feedline supports (ref. 1).
These are of no concern for the present analysis and are carried along for the
sake of completeness only. The equations of motion, defining structural-
system response to the indicated "external" forces generated by the propulsion
system, are derived using Hamilton's principle (ref. 3 or 4). The approach
employed is to describe fluid motion within the tank in terms of two velocity
potential functions, one representing motion consistent with the modal analysis
of the structural system, the second representing the additional motion required
to remove any fluid constraints introduced for convenience in the modal analy-
sis, (For example, in the case of a closed-bottom-tank modal analysis, the
second potential function represents a flow across the tank-bottom/feedline
interface), The sum of the two potential functions fully represents fluid mo-
tions of the coupled structural/propulsion system. Equations are derived cor-
responding to different approaches to the structural-mode analyses, based on
assuming different fluid boundary conditions at the tank/feedline interface,
Fluid compressibility, surface waves (sloshing), and ullage-gas dynamic ef-
fects are neglected. '

As a matter of definition, use of the phrase "tank bottom" refers to the
tank-bottom/feedline -fluid interface. Because of the smallness of the feedline
area compared to the tank area, the variation of parameters across the feed-
line area is neglected.

1.3 Feedline Within Structural System

The equations in Appendix A were derived for the case in which the feed-
line is represented as an entity separate from the structural system., Another
approach is to make the feedline an integral part of the structural system. A
suitably accurate definition of the feedline stiffness characteristics requires
accounting for compressibility of the liquid in the line, whereas the Appendix A
analysis assumes an incompressible fluid, However, since the line is typically
treated as a one-dimensional system, the liquid compressibility can be viewed
as additional flexibility in the line structure itself. The analysis of Appendix A
and the results for the three boundary conditions at the tank/feedline interface
considered are therefore applicable for like boundary conditions at the termina-
tion of the portion of feedline contained within the structural system.

10
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1.4 Discussion of Closed-Tank Results

In the most typical formulation of the pogo model the structural system is
defined with closed-bottom tanks. For this case (adding modal damping ¢, for
completeness), equation (A-20) of Appendix A gives the governing coupling
equations as follows:

. . 2
Mn (qn + zc’n wnqn + wn qn)
=7, (tb) Qp + P A ¢ (tb) +§i: F.-¢ . (1-1)

Py :E:‘?lk(tb) 9 - LRR

The upper equation is the equation of motion for the nth mode of the structure
with closed-bottom tanks. The first of the generalized force terms at the right
represents the work done by the modal tank-bottom pressure #y(th), acting
through the fluid displacement relative to the tank bottom (expressed by the out-
flow Qr). The second generalized force represents the work done by the applied
"external" pressure P, acting through the modal displacement of the fluid (which
is constrained to be the same as the structural displacement at the tank bottom;
see fig. 1b). The third term at the right of the upper equation represents the
work done by the "usual" propulsion-system forces mentioned earlier. The
lower equation simply states that the tank-bottom pressure is the sum of the
pressures in each of the structural modes, augmented by the second term which
is the pressure due to outflow Qpr from a rigid tank.

For practical reasons structural dynamicists often prefer a formulation of
dynamical problems in symmetrical forms and in terms of absolute rather than
relative coordinates. Introducing the absolute volumetric flow Q,

Q=Qp - A, X(tb) = Qp - A£§ ¢ _(th) §_ (1-2)

where x(tb) is the structural motion at the tank bottom, yields equation (A-21)
which can then be written in a symmetrical form simply by using the second
equation to eliminate Py in the first. The result for the nth mode (after adding
modal damping) is

. . 2 .
My, + 28, ogdy +olay) - [0 - A L g (0] @

| ) (1-3a)
B} A£§ [?ln(tb) 8, (tb) + 2, (tb) ¢ (tb) - A L ¢ (tb) ¢k(tb)]qk Ny
i 1 ni
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-9 - 5 Y= -P (1-3b)
Zk:[?l’k(tb) A L, ¢k(tb)} g, + L,Q ¢

The minus sign on P is a result of choosing positive Q downward and positive

structural displacements upward; see figure 1. Transforming to the Laplace

variable s, a display of this result in matrix form, using the displacement
variables q;, ... q, ... -Q/s, is as follows:

D, (s) + (6M )s% ... (6My)s” aael (q) [ZF-

2 2 -~ =
(M, )s Dyils) + (M, ) .1 (s)| < >:<zij P
| 40 d (s) ...ELtsz_‘ ers) P,
(1-4)
where
D, (s) = Mk(sz + 2w s+ wi)

M, = 6M, = E?ln(tb) 8, (th) + P, (tb) ¢ _(tb) - A L ¢ (tb) ¢k(tb)]

dk(s‘) [.?lk(tb) - AI Lt ¢k(tb)] 52

1.5 Importance of Outflow

This section shows that outflow can provide a significant excitation to the
structural system. This is accomplished using a one degree-of-freedom repre-
sentation of the fluid/tank system in which the entire body of fluid is assumed
to move with displacement x;, and the tank flexibility is represented by a single
spring supporting the fluid mass, With this model we examine the relative
importance of the terms associated with outflow using the form given by equa-
tions (1-3). All but one of the outflow terms is shown to be negligible relative
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to other terms of comparable form. That term is ), (tb) Q in the first line of
equation (1-3), shown to have the same order of significance as does the engine-
inlet (or suction-pressure feedback) force.

For the simplified model, fluid displacement can be expressed in terms of
the structural-mode generalized coordinates by

D IENCE
n

tank-bottom pressure in the nth mode by
F,tb) = ph ¢ (f)
and the contribution of fluid motion to the nth generalized mass by

) 2
Mpg = PRAP ()

where h, is fluid height in the tank and A is tank area. If the tank inertance Lt
given by

L, = Ph /A,

is used, and the above relations are substituted into equations (1-3), the change
in the generalized force on the nth mode arising from outflow can be written as

A Ay g, (th

6Fn - gln(tb) [1 At ¢n( ):l Q +§ ‘E)Mrik ak (1-5)

where 6Mnk has now taken the form:

¢, (th) ¢, (f) ¢ (tb) A, ¢ (tb) ¢ (tb)
Moy = B M|t - & 5 (1-5a)
t n ¢, (£) t ¢, (£) -2

The two terms within the brackets of equations (1-5) and (1-5a), which
contain the ratio of line to tank area A /At’ can be neglected relative to other
termf(s )w1th1n the brackets since in practlce Ay << A‘t These two terms result
from those in equation (1-3) which contain the tank intertance I;. The negligi-
bility of Ly results from its inverse proportionality to the tank area Ay; on this
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basis set Iy = 0 in section 3 in order to obtain a simplified approximate fre-
quency response for the propulsion system,

The negligibility of the entire quantity 6M, in equation (1-5a) can be de-
monstrated by means of the following argument., The quantity 6M_, is of the
order of magnitude of (AI/A-(:)Mnf' where My¢ is the fluid's contribution to the
total generalized mass M. Thus, since M,y <M,, 6M; is at most of the
order of (Ay/A)M,. It can be seen from equation (1-4) that the matrix of the
5Mp terms is additive to the diagonal matrix formed by the My terms contained
within the Dy (s). But, since Ap/A; << 1, this addition is a small perturbation
on the matrix of the Dy, and thus on the structural system's modal frequen-
cies and mode shapes (see section 6. 12 of ref. 5), It can therefore be concluded
that the 6M,; terms are negligible.

In view of the terms disposed of in equation (1-5), the expression for the
change in generalized force has been reduced to

GFnz yln(tb) Q (1-6)

Again, a comparative term is required, which in this case is best provided by
the engine-inlet force contained in the F; force terms of equation (1-3). This
force, P Ay, produces the generalized force, F,g, given by

F__ = P.A,$ () , (1-7)

and the ratio is formed

T, PO eh el o s
Fns PsAl¢n(e) Al ¢n(e) P

S

For a resistanceless, compressible line, the transmission-line equation (see
sec. 3) can be used to define the absolute flow Q in terms of the pressures P,

P :
8

phl sinwT (1-9)
Ay P

Q= - (PS-Ptcosz> :

where T is the acoustic travel time for the line length hy. Therefore

6F‘n ~ - ﬁ ¢n(f) WT 1:)s
Fns hl ¢n(e) sin wT P

- Pt_cos w;r (1-10)

S
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Based on past experience with typical systems it is often true that Pg is
considerably larger than P, so that the last of the four factors in equation
(1-10) can be of order 1. Noting that the first three factors can also be of order
1, it is finally concluded that SF_ can be of the same order of magnitude as
Flose That is, the effect of outflow can be as significant as the suction-pressure
feedback force and should therefore be properly accounted for in pogo modeling,
Note that this is true even for the case of an incompressible line (T = 0). Am-
plification of this argument is provided in section 2, where it is shown that the
effect of outflow on tank pressures can be viewed as a modification of the suc-
tion-pressure feedback force and that this mouification can be large.

1.6 Conclusions

1. Appropriate account for the tank outflow can be derived by using
Hamilton's principle and the superposition of two velocity potential
functions for the incompressible fluid. One function describes the
fluid motion consistent with the constraint boundary condition at
the tank outlet assumed for the determination of structural modes.
The second function represents the additional fluid motion required
to remove the constraint imposed on the fluid.

2. The resulting equation for each mode of a closed-tank structural
system, equation (1-1), shows two additional generalized force
terms due to the outflow. The first term represents the work done
by the modal tank-bottom pressure acting through the fluid relative
displacement out of the tank, The second term represents the work
done by the total tank-bottom pressure acting on the modal displace-
ment of the tank-bottom structure. Equation (1-1) also states that
the total tank-bottom pressure is the sum of the modal pressures
plus a pressure arising from the outflow from a rigid tank, These
results can be put into the symmetrical form of equation (1-3), if
desired,

3. An assessment of the importance of the various terms has been
made using a simplified model of the fluid/tank system. The pri-
mary influence of the tank outflow is embodied in the first of the
generalized force terms identified in (2) above. This term was
compared to the generalized force due to suction-pressure feedback
and it is concluded that they can be of comparable magnitude,

4, In view of (3), dynamic flow out of a tank during oscillation of the
coupled structural/propulsion system produces an excitation of
modes of the closed-tank structural system which cannot in general
be ignored.

5. The results are equally applicable to the case when the tank extends
into a feedline and the closed-type of boundary condition for deter-
mination of structural modes is applied at the bottom of the feed-
line. This is based on the fact that compressibility of the fluid in
the line can be accounted for by additional structural flexibility in
the wall of the feedline.
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6. Other boundary constraints on the fluid at the tank outlet in the

structural system can also be treated. Such results are given in
Appendix A,

1.7 Recommendations

For Shuttle pogo modeling, coupling equations (1-1) or (1-3) should be
employed to account for tank outflow when closed tanks or closed feedlines are
assumed for the determination of structural modes, If fixed or free boundary

conditions on the fluid are desired for the structural analysis, the appropriate
equations are (A-18) and (A-24), respectively.
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2. METHOD OF APPROXIMATE STABILITY ANALYSIS

2.1 Introduction

The mathematical model for pogo stability analysis of a vehicle involves
so many interactions of the coupled system that the analyst has difficulty in
achieving a thorough understanding. This is especially true for the complex
Shuttle vehicle, It is therefore useful to have an approximate method to serve
as a tool to gain insight into the importance of the system parameters and also
to conduct preliminary qualitative analyses, Such an approach was developed
in reference 6 by first simplifying the system to one involving one engine, one
propellant, and one structural mode. Next an expression was derived in closed
form for the net propulsion-system frequency response, H(w), which expresses
the generalized force per unit reference acceleration. As a final step, an
approximation for the structural damping required for neutral stability (Sy)
was obtained, namely™

4 :_EI&
2

N (2'1)

where ﬁI is the imaginary part of the propulsion-system frequency response
evaluated at the natural frequency of the structural mode, and Gp is the struc-
tural gain (square of the modal displacement divided by generalized mass) for
the reference position on the vehicle.

For purposes of analysis of the Shuttle vehicle, the system used in refer-
ence 6 is generalized somewhat by incorporating the following additions:

1. Structural-mode excitation from tank outflow

2, The presence of two pumps within the engine (representing the
boost pump and the first stage of the main pump)

3. The presence of an accumulator at the inlet of either pump
4, Distributed resistance of the tank-to-engine feedline
5. More refined treatment of combustion dynamics

A revision of the criterion for assessing the significance of structural modes
given in the Appendix of reference 1 will then be derived.

In section 5 of the report, the approximate method is employed for sta-
bility evaluations of the early Shuttle configuration.

®
>'Equa.tion (2-1) is based on eq. (36) to (39) of ref. 6 (note that eq. (39) of ref, 6
has a minus sign missing).
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2,2 System Model and Governing Equations

A schematic representation of the system to be analyzed is shown in
figure 2. This simplified system is believed to display the major character-
istics of an actual vehicle system, Discussion of the linearized mathematical
model for the various elements follows. The state variables for the fluid are
pressure P and volumetric flow Q; thus impedance quantities have the same
units as does the ratio P/Q (as opposed to ref. 6 where the flow quantity is
weight flow),

2.2,1 Feedline. - Assume that the steady velocity in the feedline is low
compared to the acoustic speed, so that Mach-number effects are negligible,
The line can then be treated as a simple uniform transmission line. Its pro-
perties are fluid mass density p, length £, flow area Ay, total inertance
Ly = pL/Ay, total resistance Ry due to wall friction, and acoustic travel time
T= 4/a. The acoustic speed "a" accounts for wall radial flexibility as well as
fluid compressibility. The wall moves with velocity xy in the direction oppos-
ing the flow. The complex propagation angle 6 satisfies the relationship:

62 = sz‘r2 (1 +R1/s Lp) (2-2)

where s is the Laplace variable. The transmission equations can be written in
the form:

P, = allpt + alet + a13;(1 (2-3a)
Q) = a5 Fy F950 +a53%y (2-3Db)
where
ayg =@, = cosh @
ayp = - Zy L, ay) = - 7 0sinhe
ay; = - AyRy ii_r_;i@_’ a,; = - —A—é—ih;(l - cosh 6)

Zl = R2 +sLy

2.2.2 Pump-inlet admittance, - A pump-inlet admittance Y (s) is used to
describe the combined effect of an accumulator and pump-inlet cavitation. If an
accumulator is represented by compliance C_, inertance L,, and resistanceR,,
and the cavitation bubble compliance is G, then
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Figure 2. Propulsion system for approximate
transfer function.
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-1
Y(s) = sC +<—1—+SL +R> (2-4)

If the accumulator is a purely compliant device, it is simply
Y(s) = s(caL + cb) (2-4a)

2.2.3 Engine elements., - The engine elements are modeled in the same
fashion as was done in reference 6. Each pump (minus cavitation) is modeled

by

Q! = QL (2-5)

where F; and Py are suction and discharge pressures, Q! and Q) are suction
and dis charge volumetric flows relative to the pump, m + 1 is the pump dyna-
mic gain, and Zp is the flow impedance of the pump.

If incompressible flow is assumed, the combination of the main pump,
discharge line, injector, and combustion chamber satisfy the two relations

PC/P2 = (mz +1) ZC/Z', pc/QZ = ZC (2-6)

The combustion impedance ZC is given by

sk =T3S

_pCt e~ d
Zc T A l1++1 s (2-7)

T r

where c* is an effective characteristic velocity for perturbatlons in propellant
flow (account is taken of the slope of the curve of C” versus mixture ratio; see
ref. 6), Ty is the time delay accounting for the average time the individual pro-
pellant spends in the chamber prior to vaporization, and v, is the gas residence
time accounting for the mixing and reaction time common to both propellants
(ref. 7). (When the effect of two propellants is considered, C* and t4 for one
propellant will have different values, in general, than those for the o%er pro-
pellant. ) The total impedance downstream of the boost pump is Z' (sum of the
flow impedance and the combustion impedance):

Z' = Z_, +24+2Z (2-8)

p2 d
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where Zd is the impedance of the discharge line and injector.

2.2.4 Structural mode, - The structural modes are derived for close-
bottom tanks as given in the previous section. For a single mode, the engine
acceleration Sie can be written (as in eq. 2 of ref, 6) in terms of an effective
thrust T':

sZGe
X = ’ T! (2-9)
¢ s2 +20w s + 0l
n n
where ¢ (e)T' is the total generahzed force acting on the mode, Gg ¢ e)/M is

the structural gain for englne motion, w, is the natural frequency, {is the frac-
tion-of-critical damping, M is the generalized mass, and ¢,(e) is the modal
displacement of the engine, If the fluid frictional forces acting on the feedline
pipe are neglected, then from equations (1-1) and (1-2) can be obtained:

T’=A_C.P A, P Zn fﬁiﬁﬁ ¥
=ACP - + — ¢n(e) 0 +A.1 ¢n(e) X +uA£¢n&b)Pt (2-10)

where Q is the absolute flow out of the tank, &, is the modal tank-bottom pres-
sure (pressure per unit acceleration of the generahzed coordinate) and ¢, (tb) is
the modal displacement of the tank-bottom structure. Also, the tank- bot’com
pressure with outflow is

_In . ¢, (tb) .
Pt =% () Xe - [Q t Ay 1 2= e] (2-11)
n

where Ly is the inertance of the propellant in the tank. On the basis of the dis-
cussion of equation (1-5) in section 1.5, the second term at the right of equa-
tion (2-10) can be neglected because of the presence of the relatively small tank
inertance Ly. Thus, to a first approximation, tank outflow does not affect tank-
bottom pressure, and it follows that it does not affect any pressure or flow in
the propulsion system. Therefore the only effect of the tank outflow is on the
effective thrust, which can now be written as

e Polth),

T2 P
A C A P + ¢n(e)A£ ¢n(e)xe

P,
¢ () (2-12)
2.3 Transfer Function for Propulsion Feedback

Now consider the effective thrust per unit engine acceleration to repre-
sent the feedback transfer function for the propulsion system. Assembling the
results of section 2,2 and omitting all the algebra results in the following form:
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(my +1) (mZ +1) (AIZ;/S) pT J(1-DJ)

T
Hls) =5 = ’ 9 v z,)+ F1 +1+2Y,)2Z
¢ (z+ ZZplYB) (ms + YaZe) + (gt 1) (my Al %1
’ ¢ _(tb) 7 R, ¢ (1) 2-13
[Zn) s @ P Fn |, 2 n (2-13)
¢n(e) Z, tanh 8 1 ¢n(e) ¢n(e) 9 ¢n(tb)
where
R, ¢,
ZE = ZI 1 - v e (a modification of the feedline series im-
2 %n pedance due to the action of pipe motion on
the liquid)
T0 = AthZC/p (thrust per unit mass flow into the chamber)
J =14+ bn%he_ (a factor which accounts for the relative
influence of tank-bottom pressure)
P8
bn AR ) (modal tank-bottom pressure divided by
£7 2 "n the engine-inlet pressure for an incom-
pressible liquid in the feedline moving with
the engine)
Ay(Z + Z'ZplYB)
D = : (ratio of engine-inlet force PjAy to thrust;
(ml+l)(m2+l)AchZc 1/D is sometimes called "engine gain;"
.note that in ref, 6 D is the real part of
this ratio of forces)
Z = 7'+ (m2+1)Z 1 (total series impedance of the engine;
e p for first pump and Z' for the remain-

z
1
dé)r including the combustion impedance)

With the exception of the structural excitation due to tank outflow, equa-
tion (2-13) is identical to the results of equations (15-19) of reference 6 under
the following limiting conditions (stated in the notation of ref, 6):

a.  The feedline is resistanceless (R, — 0, Z} and Z) — sLj, 6 — iph)

All the propellant in the tank is assumed to move with a modal dis-

placement ¢, (t) and &, — pht¢n t)

d. There is no second pump (sz——

e. T%lere is a pure com
wp Caly = 1)
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There is no device or cavitation internal to the engine (Yg—0)

0, my +1—~1)

pliance at the engine inlet (Y p = s/Llwlz), where



f. The chamber dynamics are described by an equivalent time lag
(Td —’0, Tl' — TC)'

In equation (2-13) the effect of structural excitation due to tank dynamic
outflow manifests itself by the presence of the second and third terms and,
most importantly, by the presence of J in the 1-DJ factor in the numerator of
the first term. Without the outflow effect, the factor would be 1-D, where D
accounts for the "suction-pressure feedback" (that is, the subtractive effect
from the thrust of the pressure-times-area force at the engine inlet). There-
fore the major effect of the outflow can be viewed as a modification of the suc-
tion-pressure -feedback force, with |J| > 1 increasing the magnitude of the
feedback force and with [J| < 1 decreasing the magnitude of the feedback force.
A more detailed evaluation of the effect of outflow is discussed next.

2.4 Effect of Outflow Without Feedline Resistance

An evaluation of the effect of tank dynamic outflow on the propulsion-
feedback transfer function will now be made with the following simplifying con-
ditions:

1, No feedline resistance (R£ - 0, ZI and Z"e—» SL,E’ 6 —sT1,J real)
2. No admittance internal to the engine (Yg = 0)
3. Pure compliance at inlet of first pump (Y, =5C,, w]i' =1/L,Cp)
4, Negligible delay and residence times in chamber (To real)

As a consequence of the introduction of the above simplifications into equation

(2-13), the imaginary part of the feedback frequency response becomes

(m, + 1) (rn2 + 1)A1L pToJ(i - DK)

4

1 (2-14)

HI(iw) = Imag.

2
wT w . 7
Z(m - :)—2-)+ i (:l’.’(l1 + 1) (mz + 1) Llw

b

where K = J when outflow excitation of the structure is included and K = 1 when
outflow excitation is neglected. Note that the second and third terms at the
right of equation (2-13) contribute nothing since, for the assumptions made,
they are real.

2.4.1 At feedline resonances. - At a feedline resonance frequency w*,
which is a solution of

e T 2 _=-0 (2-15)
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we find by using equation (2-14) that

PAIT
HI(iw*) = - ———(:)—EJ (1 - DK) (2-16)

where D is the real part of D, the ratio of engine-inlet force to thrust; both
1/D and /D are sometimes called the "engine gain. " Thus, by virtue of
equation (2 B the structural damping required for neutral stability is propor-
tional to J{1 - DRK) at a resonance of a resistanceless feedlina, Plots of

J(1 - DRrK) versus J for various values of DR are shown in figure 3. If it is
recalled that K = J when outflow excitation is present (heavy curves) and K =
when outflow excitation is absent (light lines), it can be observed that instability
is promoted by the outflow effect in the regions for which 0 < J < i, since for
each DR in this region a higher ordinate occurs when the outflow zffect is pre-
sent (except for the trivial case DR = 0 when outflow has no influence), For

J > 1, outflow lessens the possibility of an instability; for J < 0, the propulsion
feedback is stabilizing without the outflow effect and even more stabilizing with
the outflow eifect.

As seen in figure 3, a higher Di (lower "engine gain") tends to be helpful
for achieving stability, Estimates during studies of the early Shuttle configura-
tion yielded values of Dy between 0.3 and 2.8 (corresponding to "engine Gam""
between 3 and 0, 4) depending on the values assumed for pump dynamic gain
{(pump gain is discussed in section 4,2), A desire has been expressed by some
that the engine be designed to insure that the "gain" does not exceed unity (i,e.,
DR > 1), In the absence of outflow excitation, a unity gain (DR = 1) does pro-
duce zero feedback as shown in figure 3; however, outflow excitation will pro-
duce a positive feedback for 0 < J < 1, Thus, even if the engine design had such
a low "gain, " there is no guarantee that instability will not occur in view of
excitation of the structure by the tank outflow,

Further discussion of the significance of the results on figure 3 requires
some discussion of the meaning of the parameter J, defined after egquation
(2-13). Suppose that the fluid at the engine-inlet moves with the engine (thatis,
Qy = - AE Xg)e If Qt is then eliminated frorn equations (2-3a,b), the Lollowmg
expression for pressure at the bottom of the feedline can be obtained,

P
_ + tanh 6 . 1 8 t
Py =842 75 % (1 Y &,Z, sinh e;-;;‘) (2-17)

If it is recogmzed that the tank-bottom pressure P, and the engine velocity xe
are related via the structural mode-shape parameters {that is, Py /x =
nqn/¢ =P s/d) {e)], then it can be seen that the parenthetlcal expression
in equa ion ?2 17 is exactly the parameter J, The expression ahead of the
parentheses in equation (2-17) gives the feedline -bottom pressure when the fluid
at the feedline bottom moves with the engine, in the absence of pressure at the
‘top. Then J is a multiplicative factor which accounts for the contribution to the
feedline -bottom pressure due to the presence of a pressure at the top. So if
J > 1, tank pressure Pt serves to increase the engine-inlet pressure Py; if
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0 <J< 1, P, reduces P; but does not change its sign; if J < 0, P; reverses the
phase of Pj. Further, when J =1 (Pg due only to Xo)or J = 0 (P and ¥, nullify
each other to produce P, = 0) we see from figure 3 that outflow has no effect;
these are physically reasonable results.

We return now to figure 3 and our observation that outflow promotes insta-
bility at undamped feedline resonances only for 0 < J<1. Physically, then,
outflow enhances instability at such resonances only when tank pressure is
serving to detract partially from engine -inlet pressure. When outflow serves
to magnify engine-inlet pressure (J > 1), the outflow is stabilizing and can, in
fact, cause a reversal from destabilization due to propulsion feedback (positive
ordinate) to stabilization due to the feedback (negative ordinate), This latter
situation is typical of the critical conditions for stability identified during the
early studies as discussed in section 5.2.2, Thus, unless the nature of the
effect of outflow excitation is altered by the presence of the feedline resistance,
outflow will be stabilizing at those conditions where the most severe tendency
toward instability would exist in the absence of outflow excitation,

2.4,2 At arbitrary frequency. - Let n be the ratio of the value of Hj with
outflow excitation to the value of Hy without outflow excitation. Manipulation of
equation (2-14) produces the expression

B_ﬂ (2-18)

where

WT wz
I"e(tan wT _2)
“b

B=1+
(m1+1)(m2+1)L£

and the total engine impedance is given by

Z =R_+iwL
e e e

Note that at a feedline resonance, or if the total engine impedance is real (i.e.,
Le = 0), B—~1 and D —~DpR, therefore n —(1 - DRrJ)/(1 - D) and the effect of
outflow is the same as that discussed in the previous section,

Equation (2-18) can be quite helpful in estimating the effect of outflow. As
a trial of its accuracy, a complete stability analysis was performed for a Titan
Centaur vehicle at a time of minimum stability, both with and without outflow.
The results showed that the outflow produced an n value of 0.7 (outflow stabiliz-
ing by 3 dB). The use of equation (2-18) for the dominant propellant and the
dominant structural mode gave very close to the same result, In this case the
assumptions leading to the derivation of equation (2-18) were well satisfied.
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2.5 Criterion for Significance of Structural Modes

The Appendix of reference 1 provides a criterion for identifying those
structural modes which are of potential significance for pogo stability. It is
assumed that a coincidence of any structural mode with a feedline mode is pos-
sible. Two additional assumptions made for that analysis were: (1) no suction-
pressure feedback (D = 0) and (2) the gross motion of the propellant in the tank
equals that of the engine (P; = PhiX,). Thus, the results fall within the frame -
work of section 2,4.1, where K=1and J =1 +ht/h£. In this case, the factor
J(1-DR) appearing in equation (2-16) is 1 + hy/h,.

A revised criterion based on the presence of outflow excitation is now
sought. If the actual value of DR is used, it is assumed that the value of J can
have the worst possible value for stability. This means that J(1 - DRJ) is
assumed to be the value at the maximum of the curve for the particular value
of DR (see fig. 3); this maximum value is 1/4DR and occurs when J = 1/2DR.
If equation (2-16) is used it is found that

2
) pA,T m, +1) (m, +1) (pT )
Hl(iw>'<) - __;1__9_:_ 1 *2 Q (2_19)
4w D 40 R
R e

Basedon equation (2-1), a criterion for structural-mode selection can be writ-
ten as

=
759 _16n PREON  t6m Re bn
T "3 pT_A, 3

5 (2-20)
n 1 (rn1 + 1) (m2 + 1) (pTo)

where the summation denotes the sum of the structural gains over the j engines,
and the structural natural frequency w, = 2nf, equals the feedline resonant fre-
quency w', The factor of 3 in the denominator provides that the mode will only
be significant if its damping is greater than 1/3 that required for neutral sta-
bility, in the case that all the worst-case assumptions are valid. The informa-
tion needed to employ equation (2-20) to select the significant structural modes
is (1) the desired value of structural damping required for neutral stability

(§) for each mode, (2) the engine gain (1/DR), and (3) the thrust per unit pro-
pellant velocity into the engine (PT A ).

Figure 4 shows a comparison between the numerator factor J(1 - DrK)
appearing in equation (2-16) as employed in reference 1, namely 1 + h:g/hl, and
the one employed for equation (2-19), namely 1/4Dgr. If as anticipated for the
Shuttle D < 1/4 (1 + h¢/h;), the current criterion may reject some modes
which wo&ld be accepted as significant by the criterion in reference 1,
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1+ ht/h,(l used in ref. 1

implies a horizontal line

above 1

J(l-DRK) 1

Figure 4. Factor used for assessing significance of
structural modes.



2.6 Conclusions

The method of approximate stability analysis developed in refer-
ence 6 can be extended without undue complexity to account for (a)
excitation of the structural mode by dynamic outflow from a ve-
hicle tank, (b)the presence of two pumps with an accumulator at
the inlet of each, (c) distributed resistance in the tank-to-engine
feedline.

The major effect of the outflow excitation is to modify the suction-
pressure feedback force by a multiplicative factor J. This factor
accounts for the contribution of tank pressure to engine-inlet pres-
sure,

When the feedline is resistanceless and a lumped compliance is
present only at the engine-inlet, stability at feedline resonances is
simply proportional to J(1 - DrJ) where DR is the real part of the
ratio of engine -inlet force and thrust (the reciprocal of Dy is some-
times called "engine gain"), Outflow is destabilizing only for

0 <J < 1, that is when tank pressure reduces the magnitude of
engine~inlet pressure without reversing its phase, When tank pres-
sure increases engine-inlet pressure (J > 1) as was typical of the
worst stability cases in studies of the early Shuttle configuration
(section 5.2, 2), the outflow effect is increasingly stabilizing as J
increases. A lowering of engine gain is stabilizing, but cannot
guarantee stability.

The effect of outflow at any frequency can be determined by use of
the simple expression in equation (2-18) when resistance of the
feedline is neglected and lumped compliance is present only at the
engine inlet.

Equation (2-20) provides a useful criterion for identifying those
structural modes which are of potential significance for system sta-
bility. This criterion may reject modes for the Shuttle vehicle
which would have been accepted by the criterion in reference 1,
which was developed without an account for tank outflow.

2.7 Recommendations

The method of approximate stability analysis given here should be
employed for initial analytical studies of stability on the Shuttle,

When more refined analytical studies are warranted, the approxi-

mate method should still be employed as an aid for guiding the
studies and for interpreting results.
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The criterion given by equation (2-20) should be employed to iden-
tify those structural modes worthy of inclusion in a comprehensive
mathematical model of stability for the Shuttle vehicle.

A simplification of the imaginary part of the propulsion frequency
response in equation (2-14) should be sought which is valid under
less restrictive conditions than are equations (2-16) and (2-18);
for example, when distributed feedline resistance is included.



3., FEEDLINE MODELING

3.1 Introduction

In developing a mathematical model for pogo stability, one of the most
important aspects is the representation of the distributed properties of the
vehicle feedlines. In general the feedline model must provide an accurate rep-
resentation of all possible interrelationships between pressure and flow at the
vehicle -tank and engine-inlet ends of the feeuline. When outflow was neglected,
flow at the tank end of the feedline did not couple the propulsion and structural
systems. Thus the requirements for feedline modeling are now more stringent
because of the account for outflow. The accuracy of the modeling must extend
from zero frequency up to some upperbound frequency established by consider-
ations of the stability of the overall coupled system, The number of equations
required to accurately model the feedlines can represent a significant portion
of the total number required for the mathematical model. For the Shuttle
vehicle, rough estimates indicate that the number of equations may be of the
order of 200. Thus, considerations of computer storage capability and compu-
tational time requirements indicate that attention be paid to the efficiency ofthe
feedline modeling.

Most computer programs cannot handle an exact representation because of
the involvement of transcendental functions [see eq. (2-3)]; thus, practically,
one must resort to an approximation. The most widely employed technigue for
approximation is the finite-element approach wherein a line is subdivided into
segments. Bases for the finite elements used in pogo models have been lumped
parameters (e.g., refs. 8 and 9), power-series expansion (e.g., ref. 10), and
product-series expansion (e.g., ref. 11), An approach using normal modes also
has been employed (e.g., ref. 12). Another approach is the use of product-
series expansions of the transfer functions for the overall line (refs. 10 and 13).
A possibility which has not to our knowledge been employed for pogo models is
an energy-minimization procedure to represent the line by a number of discrete
displacement coordinates.

Our investigation concentrates on finite elements for uniform lines because
they possess so much generality. Such finite elements can be employed directly
for a piecewise uniform modeling of feedlines within the mathematical model of
the overall coupled system, or they can be employed to develop a model of the
feedlines alone as a basis for the determination of normal modes. A short-
coming of the normal-mode approach for an overall feedline network is its basic
inability to handle an arbitrary distribution of damping (ref. 14), although nor-
mal modes can still be used for individual portions of line which are completely
uniform. The product-series expansion has generally been considered only for
uniform lines, being based on the well known open-open and open-closed natural
frequencies; an application to nonuniform lines would require that the associated
natural frequencies be obtained first. In summary, the finite -element method
is fundamental to all approaches except (1) an energy-minimization method, or
(2) a normal-mode or product-series method for uniform sections of line., An
investigation of the normal-mode and collocation approaches is discussed in a
later portion of this section of the report.
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Finite ~element approximations can have physical or mathematical bases
(ref. 15)., Physical models involve the use of lumped parameters (that is,
masses, springs, and dashpots), while mathematical models can be based on
various low-frequency approximations for the mathematically exact behavior,
For purposes of an initial study, three limitations on the models were imposed
in order to keep the number of possibilities reasonably finite: (1) the equations
are expressible in second-order polynomial form, (2) dissipation is not con-
sidered, and (3) the model must be well behaved in the limiting case of an in-
compressible line, The first limitation is based on the fact that most of the
-other portions of the overall structure /propulsion system are naturally of sec-
ond-order form, and it is expected that computational inefficiency would result
if only a minor number of elements of the overall system have a higher order
form. The limitation to the dissipationless line is based on the belief that the
consideration of the small distributed dissipation, which is characteristic of
feedlines, would not be likely to alter the relative merits of various models.
The final limitation is quite an arbitrary one since the use of a special model
for an incompressible line would really pose no difficulty. What this limitation
actually does is to remove the possibility of an impedance form for the finite -
element model since the coefficients in this form become infinite for an incom-
pressible line, Transmission and admittance forms for the equations are not
ruled out. Impedance and admittance forms are essentially duals of one another,
and so no significant loss is expected from the lack of consideration of the im-
pedance form, The three basic matrix forms (admittance, impedance, trans-
mission) and their interrelationships are discussed in reference 16.

3.2 Finite-Element Transmission Models

Various transmission models whose accuracy is to be studied are pre-
sented in this section. The exact transmission-matrix description of the one-
dimensional dissipationless feedline shown in figure 5 can be written as

P COS wT - 2o p
s wT t

. 1 . .
QS T, wTsin ot cOoS wT Qt

where L = £/Ag is the line inertance, v = VLC is the travel time, and C is the
line compliance.

3.2.1 Lumped-parameter model., - Three lumped-parameter represen-
tations are in common use: spring-mass, mass-spring-mass (or Rayleigh), and
spring-mass-spring (or Duncan), Reference 15 shows the latter two to be equi-
valent in terms of modal frequency errors, both being superior to the simple
spring-mass model. Hence the Rayleigh model was chosen for investigation.
The transmission matrix for a symmetrical mass-spring-mass system, as
shown in figure 6, is
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Converting this result to a hydraulic system [(F, x)—~ (P, é); and (M, 1/K)—
(L, +&/L)] yields

2 2
(w1) ( (w1) )
P, 1 -—ZT-— -Ll1 - —‘*’—47—— P,
. - 1 2 2 . (3"‘3)
4, 1 (@7) g -l Q,

This result is in a form directly comparable to the exact solution in equation
(3-1).

3.2.2 Maclaurin-series model. - Expanding equation (3-1) in a Maclaurin
series and retaining no powers of w higher than two yields our first mathema-

tical approximation:

2 2
(wT) (wT) )
P, 1 -5 -L (1 -———6T P,
). ( 2 . (3-4)
Q, %‘(m)?‘ - “*’2;) Q,

3.2.3 Product-series model. - Expanding equation (3-1) in a one-term

product series yields

2 2
4(w (
P, 1-—21L L(1-“E)) P,
T T
= (3-5)
2
. 1, 42 4(wT) .
QZ L(wT) i - —_n,z Ql

This is a form equivalent to the one suggested in section 2,3.2 of reference 11.
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3.2,4 Series-exact-at-specified-frequency model. - A second-order
Maclaurin series expansion has the form:

f(x) = £(0) + £'(0)x +f—"2§°—) x°

Consider altering this series by adding an exz term such that the series is exact
at x = x, thus

exy = £(x,) - £(0) - £(0)x, - f—"zﬂ’—) x5

and
f(xl) - £(0) - £'(0)x,

f(x) = £(0) + £'(0) x 4 + > x (3-6)
Xy

Using equation (3-6) to force an exact result at a frequency wg yields

P, 1 - a(wn)? -L(l - b(wT)Z) P,
_ (3-7)
[ 2 2 .
Al | fen L - afon) Q,
where

1 -cosw 7 sin w_T

a2 %1 d b=t [1 % ]

2 )2 on
((.oo'r) (on

3.2.5 Minimum-frequency-error models, - Two models were derived to
minimize errors in the modal frequencies, The derivation of the two models is
presented in Appendix B and follows the work of reference 15. Appendix B
shows that the transmission matrix

2 3
[«] = (3-8)
2
2 (wT)
E(w'r) i - >
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will have a modal-frequency error proportional to 1/N% where N is the number
of segments, and the matrix

1 - 0.4746(wr) -L(l - 0.2312(m)z)

[+ - )

= (wT) 1- 0.4726(0.)1')2

L

6

will have a modal-frequency error proportional to 1/N".
3.3 Finite-Element Admittance Models

The exact equations for the line shown in figure 5 can be cast into the fol-
lowing admittance form:

Qt wr/tanwr -wt/sin wT Pt Vi1 Yi2| AP

t

1 _ (3-10)
. L .

-Q -~wT/sin wT wt/tan wr P Y21 Y221 (Ps

It is possible to approximate this expression in the same mathematical ways
used to approximate the transmission matrix.

3.3.1 Maclaurin-series model. - A Maclaurin~series expansion of equa-
tion (3-10), retaining powers of w no higher than the second, is

L en)® 1%32—
3

3-11
[v] =+ i (3-11)

2
B S

3.3.2 Product-series model. - A one-term product-series expansion of
equation (3-10) is

L Aed® (w-;-Z)Z
[v] =+ " T’ (3-12)
R N (O
- Z Z
™ ™
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3.3.3 Series-exact-at-specified-frequency model. - Following the pro-
cedures of section 3,2.4, one can force second-order series expansions of
cot wT and cscwT to be exact at a frequency w,, yielding

1 - c(w-r)2 -1 - d(w‘r)z
(3-13)

-1 - dwT) 1 - c(wT)

where

1 - (c.oo'r)cot woT (wo-r)csc W T - i
and d =

o (on)Z (wo T)Z

3.3.4 Minimum-frequency-error model, - Starting from the form of the
admittance matrix in equation (3-13), it is possible to determine coefficients c
and d such that the error in modal frequencies is proportional to 1/N4. An ini-
tial step is to transform equation (3-13) into the rearward-transmission-matrix

formulation:
i 2 -L P
PZ ) - clwm 2
('22 ) 1+ d(w'r)2 -;‘:[(1 + d(w'r)z) - (1 - c(w"r)z)] i - c(w'r')2 éz
(3-14)

Following the procedures discussed in Appendix B, we obtain ¢ = 5/12 and
d = 1/12 to product a natural-frequency error proportional to 1/N4, Thus the

desired matrix is

2 2
5(wT (wT)
1-=7 -1-°53
1
Y] = ¢ 2 2 (3-15)
1 - w1 1 - 5(wq)
R V) 12

It is not possible, starting from equation (3-13), to find ¢ and d such that the
natural-frequency error is proportional to 1/Nb, as was possible for the trans-

mission-~matrix form.
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3.4 Normal-Mod_.e and Collocation Models

Flexibility and ease of application make finite -element approaches quite
attractive. Analysis of large systems, however, often requires the use of more
efficient techniques in order to minimize the number of equations required to
accurately represent the system. Limited examination of two particularly ef-
fective methods for doing this have been included in this study, namely, the use
of normal-mode representations and the application of a collocation method,

The normal-mode approach is well known and represents a powerful tool
in performing dynamic analyses of large ahd complex systems. However, the
most efficient use of this approach is not obvious when applied to components of
a large system; this is clear from the many papers appearing in the literature
on component-mode -synthesis techniques., The present study was limited to use
of the open-open and open-closed modes of a uniform line.

The collocation approach, in which a discrete set of physical variables is
retained, as opposed to the generalized variables of the modal approach, is
much less widely used, Yet in its most refined form it is approximately as
powerful a method for reducing problem size as the normal-mode approach (ref.
17). The collocation method presented here is essentially a Rayleigh-Ritz ap-
proach using a set of polynomials as interpolation functions for system displace-
ment variables, An advantage of the approach over a modal approach is that
physical variables are retained, thus allowing greater flexibility. (Parametric
studies, for example, could be more readily performed).

The equations of motion are developed by employing a standard formula-
tion (ref, 18), For the case of a resistanceless, one-dimensional line element,
the system dynamics can be described in terms of a displacement variable u(x, t)
as indicated in figure 7.

l

Pb’Q

b

Figure 7. One-dimensional line segment.
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For a line of length £, area A, inertance L, and acoustic velocity a, the system
Lagrangian & can be written as

2
2 2 2
LA du 2{8u (3-16)
L =57 fo [(Bt) -a (ax) ]dx

Assuming the existence of generalized coordinates q and associated shape func-
tions fn(x), such that '

u(e, ) = £ (x)a(t) (3-17)
n
the Lagrangian becomes
LA2
oL - e - -
=7 Z;Z:bknqkqn “kn%k%n (3-18a)
where
1 2
bnk:I/ £, (M (x)dx (3-18b)
o
’ £
€k =:2—f fn(x)fk(x)dx (3-18c)
o

where f! (x) is the derivative with respect to x of £,(x) and where the travel time
T=14/a %as been introduced. Application of Lagrange's equations yields the
equations of motion in the form

Z by ¥ Zk: ¢ 19y = [-Pafn(l) + ben(O)]/LA (3-19)
k

n=1,2,...
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The corresponding flow at any point along the line, Q(x), is given by

Q) = - P Af_(x)a_ ) (3-20)
n

The equations for the modal approach can now be written down directly.
In the case of open-open modes,

u(x, t) =Zn cos m;x qn(t) (3-21a)
, z[pb - Pa(-i)n]/LA (n # 0) (3-21b)
&in + wnqn =
(P, - Pa)/LA (n = 0)
where
2 nm )
O)n - T

foo]
Q(x,t) = - A cos 1™ q_(t)
nE:O £ 'n (3-21c)

In the case of open-closed modes,

ulx, t) = q_(t) + D sin —(—215—%& q_(t)
n=1

(3-22a)
Noting that Eio(t) = u(0,t) = —Qb(t)/A, equations (3-19, 20) become
© -P.+ P
: 2 . b a-
Q. /A - =t = ——
. n
S S S Sl s 0
Gh "% T T 2n-1) & LA
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where

and finally,

Q
Qx,t) = Q,(t) - nZ::1A sin Qn—igim q,(t) (3-22¢)

As noted previously, collocation procedures (which characteristically re-
tain the physical variables) can be refined to produce results nearly comparable
to those of a modal approach (ref. 17). To assess the potential advantages of
such a method, one of the simplest forms was investigated in which u(x,t) is
defined in terms of the deflections u,(t) = u(xp,, t) at a discrete set of points x,
along the line, and in terms of polynomial interpolation functions. Since the
equations of motion are derived via the Lagrangian, the method is equivalent to
a Rayleigh-Ritz energy approach. The deflection u(x,t) can be expressed as a
linear combination of a set of N linearly independent functions g, (x) as

N
ulx,t) = Y g (x)C,(t) (3-23)
n=1

where the C,(t) are a corresponding set of coefficients. The C,(t) are defined
so that the deflections u()ﬁ,1 t) at a set of N points are exact. Then, u(x,t) can
be written in matrix format as '

ule,t) = gy )., gN(x>][ A } D= ftouE)  (3-24)
u_N(t) n=1

where elements of the matrix [A] are given by

A

Ak gk(xn)' k,n=1,2,...N

43



and where the C, (t) have been replaced by

G, ) o1 )
. = [ A'j\ .
CN(t) uN(t)

The functions f,(x), which are linear combinations of the functions gn (x), are
known as Lagranglan interpolation functions. Since this is in the form of equa-
tions (3-17), with deflections at the N points uy acting as the generalized var-
iables, the resulting equations of motion, equations (3-19), can be written in

abler e s
a0 o] = [
5| =[P4 0, .00, Byl

and, from equations (3-18b) and (3-18c),

M '(LAz)b

nk nk

Knk

1l

(LAT) e 4

The case considered in this study assumed a polynomial form for the functions
gk(x); that is

g (x) = x°! (3-26)

Equations (3-21), (3-22), (3-25), and (3-26) provide the basis for the eval-
uation of line modeling via the two modal and one collocation methods considered.

3.5 Accuracy Criteria

As previously mentioned, the feedline model must-accurately represent
the interrelationships between pressures and flows at the end of the feedlines.
The admittance form of the feedline equations can be written as
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t wTt/tan wT -wT/sin wT pt
=1 (3-27)

o) -~wTt/sin wT wTt/tan wT P

The function w7/tan wT can be viewed as defining the suction (tank) flow per unit
suction (tank) pressure, while the function wt/sin wT defines the suction (tank)
flow per unit tank (suction) pressure. Note that these two functions appear in
the propulsion frequency-response relationship given by equation (2-13);

wT/tan wT appears in the characteristic equation for the propulsion system while
wT/sin wT is important for the tank pressure influence,

While the exact admittance matrix is both reciprocal (the suction flow rate
per unit tank pressure equals the tank flow rate per unit suction pressure) and
symmetric (tank flow per unit tank pressure equals the suction flow per unit
suction pressure), the admittance matrices implied by some approximate models
do not necessarily have both of these properties, Consider the general trans-
mission matrix:

. . . (3-28)

_ - - -
. v y %22 -Ial
Qt i1 12 Pt a5 ay, Pt
. = = (3-29)
-Qs - - ps -1 11 Ps
21 22 a o
u | | 12 12 ]

Except for the Rayleigh model, the transmission models developed in section 3.2
have |a| =1, which implies a lack of reciprocity (ref. 16); that is yj, and y;;
are not equal, and hence both must be compared to wt/sin wt. However, ay; =
@22 for all the transmission models, so that y|; = yp3, indicating that symme-
try is maintained. In the case of the open-closed modal system of section 3. 4,
truncation of the modes produces an unsymmetric representation such that

Y11 # Y22+ Thus, for this model, both y;; and y;, must be evaluated relative

to wt/tan wr, T .

In the past, when outflow effects were neglected at the tank/feedline inter-
face, the critical parameters were suction flow due to tank and suction pres-
sures, and satisfaction of neither the reciprocity nor symmetry relations was
required. Now, however, outflow effects have been found significant and care
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must be taken to insure that approximations introduced in the line modeling are
valid for all four of the possible admittance functions.

Permissible bounds on the exact functions wr/tan wT and w7/sin wT are
based on a 5-percent amplitude error and a 5-percent frequency shift at each
point along a function. Thée outermost of these two bounds provides the allow-
able error band. The results are shown in figures 8 and 9, The various models
are to be evaluated in terms of the frequency range over which the appropriate
Vi fall within these error bounds.

3.6 Evaluation of Finite -Element Models

'As discussed in section 3.5, the various functions y, (wT), -le(wT) and
-y21(wT) were used to evaluate the models developed in secfions 3.2'and 3.3,
In order to evaluate the admittance models, they were first cast into the trans-
mission formulation making no approximations. Then the transmission matrix
for a line divided into N segments was found by raising the transmission matrix
for each segment to the Nth power:

L N
@y (wr/N) "N alz(wT/N) (5-30)
[a/(wT)] =
% a/21(wT/N) azz(wT/N)

Then the resulting [a] was used to compute the functions yy(wT), -yjz(wT),

-y 1{wT) for comparison with the error bounds on these functions. Note that the
Rayleigh transmission and all of the admittance models give identical results
for yj and y,,, whereas the other models do not behave in reciprocal fashion,
Values of N = }, 3,5 and 10 were employed and computations were made for
values of wT/N ranging from 0 to m. For N =1, all models were evaluated; the
exact-at-specified-frequency transmission and admittance matrices were evalu-
ated for wor = T/4, ©/3, 7w/ 2, and 37/4. It was apparent that several of the
candidate models were not promising, and so for N = 3, and N = 5, several were
discarded. Finally, for N = 10, several more models were discarded. Figures
10 through 13 show yjj and yj, versus wT for two of the models: the lumped
(Rayleigh) transmission and admittance-series exact at woT = /3,

The results of the computations are summarized in Table I, where the
maximum value of wT/27N (fractional part of a wave length per element) for
which the functions remain within the *5-percent amplitude and frequency bands
are shown, as well as some selected results for yjp using a 10-percent ampli-
tude band.

Several aspects of Table I should be noted. The admittance Maclaurin
series forced to be exact at w,T = 7/3 appears to be the best of these models in
terms of the matching of both y;; and y;,, as well as uniformity of convergence.
Several other models, particularly the product-series transmission model,
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match yy; better, but are relatively poor for yj» and y;;. Other models exhibit
poor convergence. For example, the product admittance model for N = 1 does
well with y;,, but poorly with y;j; the situation is reversed for N = 3, Increas-
ing the amplitude band to *10-percent did not significantly alter the range of
accuracy except for two of the admittance models for N = 5,

3.7 Evaluation of Normal-Mode and Collocation Models

As in the case of the finite-element models, evaluation of the normal-
mode and collocation models is accomplished by determining the accuracy with
which the models match the four exact admittance functions of a uniform one-
dimensional feedline. The required admittance functions y;;, v12, Y21, V2
are defined by equations (3-10) (note the correspondence be%ween P, Pg anc?

P,, P, in figures 5 and 7). For both the normal-mode and collocation models,
reciprocity holds (i.e., yy2 = y2) so that only y11, y22 and y;, need be exa-
mined, These are determined from frequency-response functions obtained using
the equations of motion developed in section 3. 4.

For the normal-mode models, an Nth-order model is defined to include
the set of the first N non-zero-frequency (i.e., flexible) modes. A zero-
frequency (i.e., rigid-body) mode representing translation of the entire fluid line
is added to produce a system with N + 1 degrees of freedom, (Number-of-
degrees-of-freedom is defined to be the minimum number of independent vari-
ables necessary to completely define an arbitrary motion of the system.) This
corresponds to truncating the series in equations (3-21) and (3-22) at n = N, For
the open-open modes, n = 0 in equation (3-21) corresponds to the rigid-body
mode. The models were then evaluated for values of N ranging from 1 to 10.

For the collocation approach, the number N + 1 defines the number of col-
location points along the line, including end points, and is therefore also a sys-
tem with N + 1 degrees of freedom. The points were chosen at equal intervals,
In the collocation case considered, N also represented the highest order of the
polynomial interpolation functions, Only values of N =1, 2, and 5 were investi-
gated.

3.7.1 Model using open-open modes. - In addition to being reciprocal,
each open-open mode is also symmetric, so that yj; = yp2. It is therefore only
necessary to determine the accuracy of the two functions yp2 and yp; when using
open-open modes. Figures 14 and 15 are plots of y22 and y2] for the case N = 5.
Since open-open modes are employed, the infinities of the function are con-
strained to occur at the correct frequency, Deviations of the open-closed modal
frequencies, which are given by the zeros at y; and which fall in between the
open-open frequencies, would be expected to produce a reasonably accurate
measure of the accuracy of the system in terms of frequency error (see fig. 14).
Therefore, open-closed modal frequencies were computed using N + 1 open-
open modes (including the rigid-body mode) and the resulting errors determined
for N = 1to 10. The open-closed modes are found from the eigenproblem set
up from equations (3-21b) by setting P, = Py, = 0 and using equation (3-21a), to
constrain the end of the line to have zero motion; i.e., let
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N
u(0,t) = an(t) =0
n=0

The results are shown graphically in figure 16, where the percent error in each
modal frequency is plotted vs N, For any N the error progressively increases
with increasing mode number. Note that the error in modal frequency tends to
fall within a relatively narrow band; that is, the frequency error is basically
dependent only on the number of modes used and is relatively independent of the
frequency range of interest, at least up to the last open-open mode used. Two
envelopes are shown in figure 16, the lower envelope shows the number of open-
open modes, N, required to limit the error in the first open-closed mode (i.e.,
wnT = T/2) to a specified accuracy. The upper envelope shows the number of
modes necessary to maintain a given degree of accuracy up to the Nth mode, the
highest mode calculated, The curves are applicable only at odd multiples of
w/2. Furthermore, if N is selected to yield suitable accuracy up to the nth
mode at wT = (2n-1)7/2 (n not necessarily equal to N), then the range of accuracy
can be extended upward an additional m/2 to wT = nm, the next highest open-open
mode.

Turn now to the function y2]1, and note from figure 15 that the maximum
error is one of amplitude and occurs at or near the open-closed modal frequen-
cies. The function y,) was therefore evaluated for a series of values of N at
each of the exact open-closed modal frequencies, and the amplitude error deter-
mined, The results are shown in figure 17. Given a specified degree of allow-
able amplitude error, this plot can be used to determine the required number
of open-open modes need. In this case, also, the curves are to be read at odd
multiples of /2 and the frequency range of applicability w extended upward
by w/2.

In summary, for open-open modes: (1) the error in y22 is approximately
the error in the open-closed modal frequencies, (2) the error iny;) is approxi-
mately the amplitude error at the exact open-closed modal frequencies, Figures
16 and 17 provide the means for determining the required number of modes to
remain within specified amplitude and frequency error bands. The curves are
valid only at odd multiples of m/2; the range of applicability, expressed by wT,
may be extended upwards by m/2 once N has been determined.

3.7.2 Model using open-closed modes. - Unlike the open-open modes, a
truncated set of open-closed modes leads to the unsymmetric behavior y;;# y;3.
This point will be seen to be critical to a total assessment of the accuracy of
the open-closed mode representation. (Note that y2» represents flow at the
closed end due to a pressure at the closed end.) For the case N =5, the func-
tions y,, and yp] are shown in figures 18 and 19. One characteristic of these
results is that both functions are exact at the open-closed modal frequencies.
Both functions remain well within error bands up to the last open-closed mode
frequency, rapidly diverging beyond. A good description of the accuracy of
y22 and yp is given by the frequency error of the infinities of the function (oc-
curring at open-open modes of the system)., Equations (3-22b) were used for
n=1,2,...N, and the open-open modes were computed by setting the pressures
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P,, Py equal to zero and solving the resulting eigenvalue problem. This was
done for all N from 1 to 10. It was determined that the Nth mode was quite
inaccurate, the error varying from about 15-percent at N = 1 to about 20-per-
cent at N = 10, This is not unexpected since this mode is above the last open-
closed mode used., For the remaining modes it was found that the values were
quite accurate within 1, 5-percent of the exact values, On the basis of these
results it was concluded that, in general, the functions y;;, yp| are satisfac-
torily accurate up to the last open-closed mode used.

This highly favorable view of the open-closed modal model, unfortunately,
fails to hold when the function y;; is considered. (Recall thaty,, represents
flow at the top of the line due to pressure at the top of the line.) Refer to
figures 20 and 21, where yj; is plotted for N = 5and N =1,2,4,8, respectively,
and note that the accuracy ofl y11 is approximately given by the error of the
frequency of zero crossings. (A similar result was obtained above for the open-
open modes.) Note further that the modal functions being employed here are
for an open condition at point a, and a closed condition at b (see fig. 7); the zero
crossings of the function yj] represent modes open at b, closed at a. A plot
of frequency error similar to that of figure 16 can be determined, and is shown
in figure 22. In this case the error does not steadily increase with higher mode
number; results are tabulated in Table II. Excluding the results shown for the
Nth mode, a relatively narrow error band again results, slightly higher than
that of y,, in the open-open mode case, This again indicates the error is
roughly independent of the frequency range, with the range of accuracy extend-
ing up to the frequency of the next-to-highest open-closed mode used ﬁ e.,
wT = (2N-3)7/2].

3.7.3 Comparison of modal models, - Results are summarized in figure
23, where the two modal approaches are compared on the basis of the number
of equations (number of flexible modes N, plus one) required to achieve the al-
lowable 5-percent amplitude and frequency error, Results from figures 16,
17, 20 and 21 were employed. The results indicate that a distinct advantage
exists for using open-closed modes in the "low" frequency range (wT < 2.5m)
only if the accuracy limitation is ignored for the function y;;. (The function
ylil is the flow at the top of the line due to a pressure at the top.) For larger
values of wT, even this does not result in a large saving in required equations,
Neglect of the accuracy of yjy, however, is not in general acceptable in light
of the importance of tank dynamic outflow as discussed in sections 1.5 and 2. 4.
When y;; errors are also considered one finds that a lower bound exists on the
number of equations (and hence modes) required to attain the 5-percent accu-
racy; a minimum of five modes or six equations is required for either the open-
open or open-closed modal system. It therefore appears that modal represen-
tations are relatively inefficient for low frequencies (i.e., values of wT<2,5m),

3.7.4 Collocation model. - The last approach considered in section 3.4
was a collocation one, in which a set of interpolation functions was defined as
a polynomial function of distance x along the line; the physical coordinates u
at a discrete set of points x| were retained. This provides some additional
flexibility not available in the modal approach in that physical variables are
retained, This leads to both symmetric and reciprocal results so that y1;=y22
and y,;=yj2. Only a single case is presented (N-= 5) as an indication of the
methoé‘s potential usefulness. The functions y,, and y,; are plotted in
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figures 24 and 25, respectively. Relative to the 5-percent error criterion, the
results are found to be within bounds up to a value w7 = 3.4,

Figure 23 can be used to determine the range of accuracy w7 for the modal
methods for N = 5, Comparison with the value wT = 3,47 indicates the colloca-
tion method is approximately equivalent to the modal methods.

3.8 Minimizing the Number of Equations for Finite Elements

In this section we turn our attention to procedures for minimizing the
number of equations required for a finite-element modeling of a feedline. Effec-
tively this would reduce correspondingly the order of the matrix eigenvalue
problem required to perform closed-loop stability analyses, As will be ob-
served, the matrix size reduction is achieved at the expense of reduced sparsity
of the matrix, Computer programs for the general eigenvalue problem, how-
ever, tend not to attempt to take advantage of sparsity. The result is that both
the computing time and the storage requirements are lessened by the reduction
in matrix order,

Consider two segments of a line as shown in figure 26, First let us sup-
pose that the two segments are described by admittance matrices [y,], and [yp],
so that we have

segment a segment b

Pl’Ql PZ’QZ P3’Q3
Figure 26. Two-segment line,
Q Yall Yat2 | (F1
Q, Va2t Ya22 |\P,
Q, Ybit Ypiz | (F2
Qs Yb21 Yp22 | (P
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If one equates the two equations for Q given by the second and third equations,
the following three equations are obtained:

Q =y P tv.12

P (3-31)

Ya21 1 T Ya22 P2 = Vp11 B2 V412 F3

Q3 = Yp21F2 V422 F3

Notice that there is no change in the order (that is, the highest power of s) of the
equations by this elimination. This procedure could be systematically followed
to eliminate all the internal flow variables within an N segment line. The result
is a reduction from 2N transmission equations involving the N + 1 pressures

and N + 1 flows, to N + 1 equations involving the N + 1 pressures and the two end
flows for a total of N + 3 variables,

In parallel fashion, it would be -possible for an impedance formulation to
achieve the same reduction in the number of equations and variables by elimi-
nating all the internal pressure variables.

The Rayleigh lumped-parameter model is a special one inthe transmission

category because it can also be put into a second-order impedance form.
Namely,

2

P 1 - (EI.L. -1 é
, | L 2 1
cw == ] (3-32)
P, T 1 1 (wT) QZ
ST 2
or for a spring-mass analogous system
2
(Mw)
F 1o Al -1 x
1 2K 2 (3-32a)
= K
¥, -1 - M) | 122
2K

The elimination of the internal pressure variables produces the usual form of
the equations of motion for a lumped-parameter system, For the spring-mass
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system in figure 27 made up of two Rayleigh segments, the result of the elimi-

nation of the internal force F, is the familiar form:

2
- _______Mzw Xy -}-K(x1 - XZ) = Fl
M 2 + K (2 y =0
-~ Mo x, X, = X; = X3) =
2
-Mg—x?, -l»K(x3 - xZ) = F3
First Element Second Element
T
M/2 AAAA M/2 | M/2] paa M/2
K K
— %) % — X

Figure 27. Two-segment Rayleigh mechanical model.

(3-33)

In addition to this type of reduction, the Rayleigh element can be reduced in
another way which is common to any transmission form as discussed next.

Suppose segment a in figure 26 is represented by a rearward transmission

matrix and segment b by a forward transmission matrix:

P P

2 [ ] 1
= |a
. ale ] -
QZ Ql
P, Py
. = [a b]f ]
QZ Q3
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Eliminating the conditions at point 2, we can then write

1:)1 P3
la], {1 = laply| (3-35)
Ql, Q3

Thus the four equations (3-34a,b) have been reduced to the pair of equations with
no increase to the order of the Laplace variable. Repetition of this procedure
for an N-segment line permits the elimination of every other pair of pressure-
flow conditions along a line and reduces the number of equations from 2N to N
(assuming that N is an even number) and the number of variables from N + 1 to
(N +:2)/2 pressures and flows, This is one less equation and one less variable
than for the admittance or impedance case, but this is an insignificant differ-
ence. In effect, all three of the basic matrix forms (transmission, admittance,
and impedance) permit a reduction in the number of equations and number of
variables by almost a factor of two for a many-segment line.

It has been noted previously that the mathematical transmission forms do
not precisely obey the theorem of reciprocity; that is, the determinant of the
matrix is not exactly one (ref. 16)., A consequence is that some difference is
obtained by use of the rearward versus the forward form of the transmission
matrix, Moreover, the lack of reciprocity may be the cause of a lesser accu-
racy for equivalent mathematical approximations for the transmission relative
to the admittance form as seen in Table I. However, if the procedure indicated
by equation (3-35) is employed, where segments a and b are identical, reci-
procity is precisely satisfied., This is clear since if equation (3-35) is refor-
mulated to

P1 P
= [a,12" [apl, (3-36)

2

then the determinant of the matrix product must of necessity be precisely one,
3.9 Comparison of Finite-Element and Modal Approaches

For the Shuttle vehicle, as was pointed out earlier, it appears that both
efficiency and accuracy in feedline modeling will be quite important. Accuracy
alone is not a sufficient criterion for deciding upon which model should be used.
A direct measure of efficiency and accuracy is the number of equations required
to remain within a specified error bound. Using the results given in Table I for
finite -element models, combined with the equation minimization procedures in
section 3. 8, one finds that the number of equations required to remain within
the + 5-percent amplitude and frequency limits can be readily obtained as a
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function of frequency (or wt). Figure 23 shows the number of equations re-
quired by open-open and open-closed modes.

Table III presents numbers of equations required versus wt for two of the
better finite -element models as well as for open-open and open-closed modes.
Since the Rayleigh model is often used in practice in an impedance formulation,
Table III also presents results for this formulation. Note that the Rayleigh
transmission and impedance forms are perfectly equivalent; that is, the number
of segments required is identical. It is, however, possible to eliminate an ad-
ditional equation from the transmission formulation for the particular values of
wT in Table III. In order to compute the number of segments required for the
finite -element models, based on Table I, a minimum value of w7/27N was chosen
as 0,125 for the Rayleigh lumped transmission model and 0. 25 for the admit-
tance series forced to be exact at w¥ = /3,

Figure 28 presents the number of equations for the best finite -element
model investigated, the m/3 admittance form, as well as the commonly used
Rayleigh impedance and the open-open and open-closed modes. From this fig-
ure, it can be seen that the series-exact-at m/3 admittance formulation is sig-
nificantly superior to the Rayleigh formulation.

3.10 Conclusions

1. The 5-percent frequency/amplitude error criterion yields intuitively
reasonable results. The frequency error is usually the controlling
error; an increase in the amplitude error to 10 percent often makes
no change in the frequency range of accuracy for a model.

2. The common practice of evaluating candidate models solely on the
basis of errors in modal frequencies is inadequate to satisfy the
requirements for pogo modeling. Examination of Table I reveals
that those finite-element models developed to minimize frequency
errors were not as successful in matching the desired functions as
were other models. Also, for the open-open modal model, the
within-bounds frequency range is governed by amplitude error,

3. It is not possible to establish the relative accuracies of various
finite ~element models based on one particular number of segments.
Table I shows that some models have erratic behavior from the
standpoint of rate of convergence; the product-series admittance
model is a notable example,

4, Among the transmission models studied, the Rayleigh lumped-
parameter model has a superior behavior for regularity in match-
ing the admittance functions over the largest frequency range. The
product-series is outstanding for y;;, but poor for yj, or y,; (see
Table I),

5. Admittance representations (equivalently, impedance ones) tend to
be superior to transmission representations in matching y;, andy,.
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The exact-at-n/3 is the best of the admittance representations
studied (see Table I).

Straightforward methods can be applied to minimize the number of
equations for admittance, impedance, and transmission formula-
tions. The consequence for admittance models is the elimination of
interior flow variables along a segmented line; for impedance mod-
els, interior pressures are eliminated; and for transmission models,
pressure and flow at alternate interior positions are eliminated.

For a many-segment line, the result for any of the finite -element
models is almost a halving of the number of equations.

Of all the models investigated using the 5-percent error criterion,
the exact-at-n/3 admittance model provides the most efficient
means (i.e., minimum number of equations) for modeling lines when
wT < 2,57 (corresponding to the third open-closed mode). The
Rayleigh lumped-parameter model is superior to a modal model for
wT <1,27 (somewhat above the first open-Qpen mode ).

For open-open modes (N flexible plus one rigid body):

a. The error in yp (= yj) is primarily a frequency error which
can be measured by de%ermining open-closed modal frequen-
cies. Figure 16 shows that, at any N, the error falls within a
relatively narrow band up to and including the Nth open-open
modal frequency.

b. The error in yy, (= yp1) is primarily an amplitude error which
can be measured by determining amplitudes at the open-closed
modal frequencies., This error, shown in figure 17, is a
strong function of both N and frequency range wT.

c. If the 5-percent accuracy criterion is used, figure 23 shows
that the addition of a mode extends the frequency range of
validity in wT by w.

For open-closed modes (N flexible plus one rigid body):

a. The functions y2 and yp1 (= yj2) are within acceptable accu-
racy bands (<2 percent error) up to the last open-closed
modal frequency.

b. The error associated with the function yjj dictates the accu-
racy of the open-closed modal representation; a lack of sym-
metry is the cause. The error associated with this functionis
a frequency error which can be measured by determining the
closed-open modal frequencies from the open-closed modes.
As shown in figure 22, the error at any N again falls within a
relatively narrow band up to and including the (N-1)st closed-
open modal frequency.

7
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As illustrated in figure 23, no significant advantage exists for the
use of open-closed modes over open-open modes when account is
taken of the errors in yy; resulting from the lack of symmetry of
the open-closed modes. The function y}j represents the flow atthe
open end due to a pressure at the open end. The importance of tank
outflow in determining vehicle stability (discussed in section 2)
requires accurate determination of the flow when the open end for
the modes is assumed at the tank-bottom/line interfere,

The collocation method using polynomial interpolation functions pro-
duced results comparable to those of the normal-mode methods for
the particular case investigated (using six collocation points).

3.11 Recommendations

For general use in pogo analysis, an approximate representation of
a uniform section of line should be evaluated in terms of the accu-
racy with which all four functions in its admittance (impedance)
matrix approximate the exact transmissionline functions.

A criterion involving both amplitude and frequency errors is re-
quired. The 5-percent tolerances used herein seem reasonable and
are recommended. (The 5-percent frequency tolerance is consis-
tent with the recommended practice in ref. 1 for achieving an accep-
table structural model.)

In formulating a model of a particular feedsystem, the following pro-
cedure is recommended for achieving a model using a minimum
number of equations: (a) the system should be divided into sections
established by natural "break points" such as branch points, area
changes, bends, local resistances, or corrective device locations;
(b) for each of the resultant two-terminal sections, the maximum
value of wT should be computed (where T is the travel time for the
particular section); (c) those sections for whichwTt = 2. 57 should be
represented by the exact-at-n/3 admittance model; (d) those elements
for which wT > 2, 57 should be represented by modes (open-open
modes are recommended because of their inherent symmetry).

The resulting model for the feedsystem should be evaluated for ac-
curacy by first determining the overall admittance matrix (involv-
ing all points where significant inputs may exist, such as line ter-
minations or bends). Then the admittance elements of this matrix
should be compared with the corresponding elements in an "exact"
admittance matrix using amplitude and frequency error bounds.
This "exact" matrix can be based on use of transcendental functions
or on use of a model having considerably more refinement.

If factors other than minimizing the number of equations suggest the
use of some other modeling approach, the accuracy evaluation in
item (4) above should be employed.



Future efforts in feedline modeling should include (1) an evaluation
of the influence of distributed dissipation on the modeling, (2) con-
sideration of closed-closed modes, and (3) further exploration of

the collocation method,
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4, ENGINE ANALYSIS AND TESTING

4,1 Objective

The ideal objective for the mathematical modeling of an engine for pogo
analysis is to develop a linearized model of its pertinent physical properties,
For Saturn vehicles, however, the practice has been to provide only a transfer-
function description of the engine as if it were a "black box." Transfer functions
can be beneficial if, because of complexity of a physical model, their use mate-
rially aids the ease or cost of computations, . However, the need for a physical
model still exists; since it provides a basis for: (a) studies of the effects of un-
certainty in any physical parameters, (b) correlation with test data for pres-
sures and flows throughout the engine, (c) visibility over the consequences of
thrust variation, off-nominal conditions, or malfunctions, and (d) maintaining
cognizance over the assumptions made in deriving transfer functions. It is the
very complexity of the Shuttle engine (brought about by such things as variable
thrust operation, multiple flow paths, the presence of two-phase hydrogen flow,
multiple pumps for each propellant, and the presence of a preburner) that makes
it essential that a physical model be available.

4.2 Analytical Estimation of Pump Dynamics

Pumps are quite important contributors to the dynamic behavior of engines.
The two most significant characteristics of pumps are the compliance(l) due to
cavitation at the pump inlet and the pump dynamic gain!¢), At present we have
no theoretical basis for coping with either of these characteristics, This situa-
tion is not likely to change for at least the next several years. A recently com-
pleted attempt to develop a theoretical analysis for cavitation compliance has
produced a completely negative outcome (ref. 19 under contract NAS 8-26266).
Other theoretical studies recently begun at the California Institute of Technology,
if continued in association with experimental studies, give hope of eventually
providing a theoretical basis for pump dynamics, most optimistically some
several years hence (ref. 20 and 21, under contract NAS 8-28046).

Another recent study of cavitation compliance has yielded an empirical
method of estimation for the cavitation compliance of pumps within the Rocket-
dyne family of designs (ref. 22, under contract NAS 8-27731), The basis of the
method was a correlation of the measured cavitation compliance for the H-1,
F-1, and J-2 fuel and oxidizer pumps with pump design and performance infor-
mation. A key factor in the success of the method is the substantial correlation
of the data achieved by normalizing the parameter expressing the pump suction
operating condition (i.e., cavitation number, suction specific speed, or NPSH)

(I)Compliance is a measure of the volume change of the collection of bubbles
per unit of pressure change of the liquid surrounding the bubbles under
dynamic conditions.

(2)

Dynamic gain is the partial derivative of pressure rise across the pump with
respect to inlet pressure under dynamic conditions,
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with respect to the value of that parameter at head breakdown as shown in
figure 29, Reference 22 provides the best available basis for estimating cavi-
tation compliance in advance of experimental determination of pump dynamics.
An initial prediction for the Shuttle pumps is presented in section 5,

1073
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T u-1(F) \
B \ F-1(F)
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b/ 4 J-2(0)
- J-2(F)
O ~ oxidizer
F ~ fuel
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Figure 29. Correlation of compliance data for Rocketdyne pumps.

There is no body of experimental data for the dynamic gain of the Rocket-
dyne pumps, such as exists for the cavitation compliance. The Rocketdyne
pumps operate in a regime which is essentially free of cavitation head loss. In
other words the static gain, which defined to be the slope of the steady-state
head-rise characteristic, is essentially unity. Data on Titan pumps (fig. 6 of
ref. 1) would suggest that the dynamic gain of the Rocketdyne pumps should be
about unity if the static gain is unity. However, there have been sporadic indi-
cations from Saturn V and Thor testing that dynamic gains may be of the order
of two. In our opinion, about all that can be done in advance of experimental
determination of pump gain for the Shuttle pumps is to assume that the gain
values can lie between one and two.
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4.3 Past Test Practice

Past practices of pump or engine testing have produced some results of
rather poor quality., Most obviously, there has been considerable uncertainty
in the determination of pump cavitation compliance. The basic approach to the
determination of cavitation compliance has been to locate a fundamental hydrau-
lic resonance of the test system by sinusoidal hydraulic excitation, and then to
infer the value of pump-inlet compliance assuming that all other parameters of
the test system are known. For example, this approach has led to the following
degrees of uncertainty in compliance values (based on results in ref. 19):

1. For the F-1 lox pump, up to a factor of three due primarily to un-
certainty in the mechanical compliance of a pressure-volume com-
pensator device in the feedline,

2. For the F-1 fuel pump, up to a factor of five between results from
a cold-flow pump test (referred to as a "bobtail test") using excita-
tion near the pump discharge and results from a single-engine test
using excitation near the pump inlet.

3. For the J-2 lox pump, up to a factor of two due to the use of two
types of mathematical models of the pump (that is, a single - vs. a
double -compliance model).,

As mentioned earlier, pump dynamic gain has received rather little atten-
tion in testing. What has perhaps not been recognized is the possibility that the
value of pump dynamic gain may have a significant influence on the location of a
resonant frequency and thus, on the inference of cavitation compliance. Our
own recent experience shows that this is so for the Thor fuel system. Figure 30
shows, for the short-tank configuration of the Thor, how a cavitation compli-
ance inferred from an observed resonant frequency depends on whether the
pump gain is assumed to be one or two, Thus, it may be necessary to first
infer pump dynamic gain from the test data in order to be able to then infer cav-
itation compliance. It is not clear to what extent this matter has been consider-
ed in the testing of Saturn pumps.

To gain additional insight into causes of past difficulties, consider the ap-
plication of past test practices to a two-pump configuration representative of
the Shuttle engine. Figure 31 is a schematic of the setup. The sinusoidal input
flow Q;,, is produced by an exciter near the pump inlet, and pressure measure-
ments nP e Pln' P,, P3 and P4 are recorded. The object is to determine
the following frequéncy-response relationships vs. frequency: input impedance
to boost pump (Pl/Ql), input impedance to main pump (P3/Q;), and pressure
ratio across the two pumps (P4/P ). These relationships wifl be employed to
determine parameters of an analytical model of the system.

A major detriment to the accuracy of the results of this test is that meters
for measurement of dynamic flow are absent from the test. For example, Q,
will be determined from the difference Q;, - Qy, where Q,  is known frommea-
surement of motion of the mechanical piston relative to the feedline pipe assum-
ing no cavitation at the piston; Ql is based on "calibration" of the feedline in
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terms of Pyy «+» Py,ata condition of no steady flow (line blocked immediately
downstream of the exciter), The splitting of the exciter flow Qj, according to
the upstream and downstream impedances, Z, and Z; respectively, is expressed

by
Zy

= 277z, Yin -1

Q

Clearly, if Zy, << Z, nearly all the exciter dynamic flow will go upstream; that
is, Qp 'zQ-n. Therefore the substraction Qi - Qy to obtain the desired Q; will
tend to be iug ly inaccurate, since a difference of two, nearly equal, numbers

is involved, Figure 32 shows the results of an estimation of the impedance mag-
nitudes |Z;| and |[Zy| vs. frequency for a typical setup. It is seen that this
type of inaccuracy in inlet flow to the boost pump will become increasingly im-
portant as the frequency falls below 10 Hz.

The other needed dynamic flow Q3, at low frequencies, is inferred from
the pressure difference from P, to P3 and the assumption of an incompressible
line between the pumps on the basis that P3 is upstream of any cavitation of the
second pump. Again, because the flow impedance of that line will be small, a
difference of nearly equal quantities will be involved and the inferred flow will
tend to be inaccurate,

Another type of deficiency of this testing practice is that insufficient data
is obtained for independent determination of the pump parameters. Neglecting
rotational speed fluctuation, a pump requires four frequency-response functions
for a complete description of its dynamics. These functions appear, for exam-
ple, in the two equations which interrelate the pressures and flows at the inlet
and discharge of the pump. A test conducted with one position of excitation and
under one set of boundary conditions can only yield two relations among the four
unknown functions. So the pump dynamics cannot be completely determined.

Summarizing, much of the poor quality of pump parameters stems from
two deficiencies. The first is a lack of dynamic flowmeters. The process of
inferring the flow lends to inaccuracy because of inheérent numerical difficulties
and because the characteristics of other parts of the test system are employed,
The second fundamental deficiency stems from a lack of sufficient data to deter-
mine fully the pump characteristics. The flowmeter deficiency can be corrected
by development of suitable measurement devices, and such development has been
initiated by contract NAS 1-11756. The second deficiency can be rectified by
adopting a new test philosophy and this is discussed in the next section.

4,4 New Test Philosophy

A generalized representation of a turbopump is shown in figure 33, The
turbopump is imagined to be endowed with input-output state variables of inlet
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Figure 33, Generalized view of a turbopump.

pressure and flow, discharge pressure and flow, and turbine speed and flow. A
full description of the dynamics is provided by a matrix relationship among
these variables. For example, the form of the relationship might be

r
Pl Teqr @12 243] (9
—_ 14
Por =121 7y @531192 (4-2)
6

I'4
31 32 @54] Q3

where the Q! are flows relative to the pump structure. Our goal should be to
determine these nine functions of frequency a;:(w) from test data and to then
correlate these functions with a physical mode‘ll of the turbopump. For example,
for the usual simple model of the pump, we find that the cavitation compliance
Cb and the dynamic gain (m + 1) are given by

_ 1 - 1
b u.oall iwa,,

C

m+1l=a,la, (4-3)

In general, what is required to determine the nine a;.'s is to measure the
six external state variables under three independent states of excitation. Recog-
nize that this requires the measurement of three flow variables., If the three

states are denoted by the subscripts a, b, c all the aij's can be determined
from the equation

’ 14 ’ -1
a4 @2 2y3] [P1a Pip Pid[Rla Qi Qe

(4-4)
_ 4 4 4
@1 % 237 Paa Pap PalllQ. Qp Q%
[ ] . - ,
azy  @3p 33 9, % 0. J1Q35, Q5, Qf
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States a and b might be achieved by using inlet excitation for two different
boundary conditions at the pump discharge. One boundary condition might be
the normal one which is essentially resistive; the other might be an essentially
compliant one achieved by introducing a large accumulator immediately down-
stream of the pump. Another possibility would be the use of inlet excitation for
state a and discharge excitation for state b, The turbine characteristics would
logically be expected to be determined best by use of turbine flow excitation thus
achieving state c,

The importance of the turbine loop to system pogo stability should be
studied when a reasonably valid system mathematical model is available. The
turbine loop may be shown to be unimportant for the Shuttle vehicle, as it has
been for past vehicles. If so, the turbopump representation can be simplified
from a nine- to a four-parameter one (aj} ... ap;) and the associated testing
considerably reduced,

An overall program for determination of turbopump dynamics would be
conducted in three phases. The first phase would consist of analytical studies of
alternative test procedures by means of simulation studies on an analog or digi-
tal computer. The simulation would include nonlinear behavior of the turbo-
pump and the presence of noise on the data.

Excitation techniques for collection of the greatest amount of useful data in
a limited test time is a most important area for study. One of the major limita-
tions for turbopump testing stems from the facility limitation on the duration of
a single test and the budget limitation on the number of tests, Possible sinusoi-
dal excitation techniques are (a) step changes in frequency, (b) a prescribed
sweep of frequency, and (c) a closed-loop control of the sweep of frequency (ref,
23). This latter approach provides for a relatively slower sweeprate during
passage through resonances to yield significant reduction in the time of the sweep
for a prescribed accuracy of the derived system frequency response. An intrigu-
ing possibility for substantially increasing the information obtained during a test
of limited duration is to apply several sinusoids simultaneously, using any of the
aforementioned techniques of frequency change. At any instant of time the re-
sponse to an individual sinusoid could be separated from the total response by
means of bandpass filtering. For example, the range from 0.5 to 62.5 Hz could
be covered by use of three simultaneously applied sinusoids: the first varies in
frequency from 0.5 to 2.5 Hz, the second from 2.5 to 12.5 Hz, and the third
from 12.5 to 62.5 Hz. The spread of the three frequencies at any instant of time
should be adequate for effective bandpass filtering; care would have to be exer-
cised that this were true in the case that closed-loop frequency control is em-
ployed since the ratio of the frequencies would then be time dependent.

The simulation studies would also encompass the following matters:
1. Independent states of excitation

2. Data reduction techniques (PSD and cross PSD; Fourier components;
band-pass filtering)

3. Exciter requirements (power and stroke for electrohydraulic or
electromagnetic machines, turbine supply oscillation)
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4, Methods for evaluation of linearity

5. Accuracy of aj; based on expected data accuracy
On the basis of these simulation studies, test requirements and optimum pro-
cedures would be developed.

The second phase in the program would consist of dynamic tests of any
subscale pumps which are available after design development, Such pumps would
be electric-motor driven and would use water, As concluded in reference 22, it
is anticipated that the cavitation compliance would be applicable to the full-scale
pump. This conclusion is based on the remarkable correlation shown in figure
29 in view of the following differences among the pumps: (a) inducer diameters
from 0,15 m (6 in. ) for the H-1 fuel pump to 0.41 m (16 in, ) for the F-1 oxidi-
zer pump; (b) propellants from RP-1 to liquid hydrogen for the J-2 fuel pump to
liquid oxygen; and (c) from single-stage centrifugal pumps to an axial pump for
the J-2 fuel. It is expected that the other pump parameters could also be ad-
justed for scale and propellant effects. Rotational speed oscillations could be
studied to provide partial information on the effect of the turbine loop. More-
over, these tests would also provide a proving ground for the test and data-
analysis procedures prior to full-scale testing.

The final phase, assuming subscale tests are conducted, would consist of
verification tests on full-scale pumps to selectively evaluate propellant, scale,
and perhaps turbine effects. If scale testing is not done on a pump, the full-
scale testing would have to be much more thorough. Such a three-phase pro-
gram provides considerable benefit relative to the past practice of solely testing
full-scale pumps. First, the simulation studies, in conjunction with the availa-
bility of flowmeters and the generalized view of the turbopump, should produce
improved test procedures, The result will be that the testing will be more effi-
cient, yield more reliable results, and provide a more comprehensive evaluation
of the dynamic properties of the pumps. Second, there will be a much improved
utilization of manpower and facilities by testing of subscale pumps well in ad-
vance of the availability of full-scale pumps. Considerably more time is avail-
able for subscale tests, and test-facility requirements are less severe and are
less likely to conflict with the needs for pump development. Finally, the possi-
bility of surprises and the resulting upheavel late in the development program
will be minimized. Visualizing that the three-phase program will involve less
full-scale testing than called for by past practices, and that this will compensate
for the much less expensive simulation studies and scale tests, all these bene-
fits should be possible at no increase in overall cost.

4.5 Conclusions
1. A linearized mathematical model of the physical elements of the
Shuttle liquid engine is needed for studies of pogo.
2, The best available basis for early estimates of the cavitation com-
pliance of the Shuttle pumps is the empirical method recommended

in reference 22, There is no proven basis for estimating the dyna-
mic gain of the pumps.
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Practices used in the past for pump testing will be inadequate for
the Shuttle pumps. Major deficiencies of the past practices are the
absence of dynamic flowmeters and the lack of independent deter-
mination of the turbopump parameters.

Simulation studies on a computer to optimize dynamic test proce-
dures will more than pay for themselves by increasing the effective-
ness of later testing.

Dynamic testing of subscale model pumps flowing water is likely to
produce data which is applicable to the full-scale pumps flowing
propellant. The subscale testing will also provide a proving ground
for increasing the efficiency of test procedures to be used later for
full-scale testing. The subscale tests will permit an earlier availa-
bility of test-derived pump parameters for Shuttle stability studies.

Reduced requirements and improved efficiency for testing of full-
scale pumps should compensate for the subscale testing.

4.6 Recommendations

A requirement should be established for a linearized mathematical
model of the physical elements of the Shuttle liquid engine, The
model should be continually refined through analysis and experiment
and made available to everyone conducting pogo studies.

The empirical method of reference 22 should be employed to provide
an early estimate for the cavitation compliance of the pumps. Until
test data indicates otherwise, the dynamic gains for the pumps should
be assumed to lie anywhere between one and two.

A three-phase program for turbopump testing should be instituted
for Shuttle development: (a) computer simulation studies of test pro-
cedures, (b) comprehensive dynamic tests of available subscale
pumps based on independent determination of the turbopump fre-
quency-response functions, and (c) verification tests on full-scale
turbopumps.

Flowmeters for measuring dynamic flow should be developed for use
in the pump and engine dynamic tests.

Results of the Rocketdyne pump dynamic tests reported in reference
19 should be re-examined to investigate the role of pump gain.
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5. VEHICLE STUDIES

5.1 Introduction

Numerical studies of the vehicle were conducted using the method of ap-
proximate analysis identified in section 2. The studies which were conducted on
the early configuration were directed towards the booster lox system, which
was believed to be potentially the most troublesome portion of the Shuttle pro-
pulsion systems for pogo. Even though the current vehicle configuration is quite
different, it is believed that the conclusions of this numerical study are meaning-
ful for the current orbiter lox system.

An objective of the studies was to identify and investigate the critical con-
ditions for stability. No previous vehicle has faced the situation where the first
organ-pipe frequency (one-quarter wave in feedline) has been equal to or below
the frequency of the fundamental longitudinal structural mode. While the stand-
ard approach of placing an accumulator at the engine inlet can readily reduce the
frequency of the first feedline mode to a point where it is no longer a danger to
stability, there will still be numerous coincidences of higher organ-pipe modes
with high-gain structural modes, It followed that damping of the higher feedline
modes may be quite important to stability. This suggested (1) an investigation
of the importance of the small distributed flow resistance of the feedline for the
damping in higher feedline modes, and (2) consideration of corrective devices
that serve to introduce increased damping in higher feedline modes. Both these
matters were dealt with in a study of alternative placements of an accumulator
to positions within the engine itself. The placement concept is to allow oscilla-
tory flow going into the accumulator to first pass through upstream engine resis-
tance and thereby dissipate energy.

A most valuable outcome of the accumulator-placement study was the find-
ing that the mathematical model being employed was somewhat inadequate., In an
analysis conducted after the accumulator-placement study reported here, it was
discovered that use of the model predicted instability in a situation for which the
system was essentially passive. This recognition led to the addition of tank-
outflow effects to the mathematical model, as discussed in section 1, and the
identification of important consequences for stability, as discussed in section 2.

The accumulator -placement study, conducted prior to the discovery of the
deficiency in the mathematical model, is reported in the next section. Even
though the accumulator sizes resulting from the study are incorrect, the results
may well be correct in a qualitative sense. Moreover, various intermediate
findings of the study are believed to be valid. We first show the values employed
for the system parameters and identify their origin. Included is the stability
criterion adopted for this study. Next we show the key results,

In section 5.3, we present the results of an estimated cavitation compli-
ance of the pumps based on the recommendations of reference 22,
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5.2 Lox Study for Early Configuration

5.2.1 Parameters, - Structural modes were obtained from two vehicle
contractors. Evaluation of that data to obtain conservative estimates for stabi-
lity analysis led to the results shown on figure 34, High-gain structural modes
can occur within the shaded bands of natural frequency versus percent of burn
time shown in figure 34a., Associated with each of the frequency bands is an
upper bound for the structural gain (fig. 34b) and for the tank-bottom pressure
per unit engine acceleration (fig. 34c). The structural gain is to be multiplied
by 12 to account for that number of engines.

Both modal analyses were based on the use of single-mode representations
of the hydroelastic tanks. Experience on Titan programs has shown that higher-
order tank modes significantly influence the dynamic characteristics of the
vehicle. The effect of these modes is not local and their influence has been
noted strongly in response analyses and in flight data from both payload and the
booster systems. As a result of this lack in modeling, structural modes above
region Il in figure 34a are likely to be erroneous.

A simple physical model (see fig. 2) for the engine was constructed using
information available from contractor reports. The results are summarized in
Table IVa. Configurations and pressure drops for the tank-to-engine lox feed-
lines were obtained from the vehicle contractors., The parameters appear in
Table IVb, The positions of feedline modes relative to the structural modes are
shown in figure 34a.

An analysis of the feedlines as uniform continuous transmission lines
including frictional resistance [see eq. (2-3)] yields the following damping ratio
{ for open-closed modes:

L= R,/20L, (5-1)

where w is the natural frequency of the mode and Ry and Ly are the total resis-
tance and inertance of the line, respectively. Note that the damping is inversely
proportional to frequency. This is contrary to behavior which is often arbitrar-
ily assumed (constant modal damping or even increasing damping in higher
modes). Dampings obtained using equation (5-1) are shown at the bottom of
Table IVb.

5.2.2 Accumulator placement study. - The closed-loop damping of the
coupled structure /propulsion system was evaluated by use of equation (2-1) in the
form:

Lt = - (12G,) (H

N eI+HtI)/2 (5-2)

where 12G_ is the structural gain for the twelve engines, and ﬁel and ﬁtI are the
individual contributions to H; due to engine acceleration and tank pressure, re-
spectively., For purposes of this study, a minimum value for & was set at
0.002, Experience with structural damping indicates that 0. 008 is a reasonable
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lower bound. (This may not be correct for modes which are local in nature;
for example, the Saturn V, S-II engine/cross beam/lox tank modes.) Placing
Ly at 1/4 of this value implies a "damping gain margin" (ref, 1) of 12 dB,

The accumulator locations selected for the study were at the engine inlet,
at the discharge of the boost pump, and at the discharge of the first-stage of the
main pump. The engine-inlet location has been employed on all past vehicles.
The main-pump-discharge location was recommended for study by an engine
contractor as a means of reducing peaks in propulsion frequency response and
to permit use of available gox within a heat exchanger for the accumulator pres -
surant. The boost-discharge location was conceived as a possibly effective
means of increasing the damping in engine feedline modes by forcing oscillatory
flow entering the accumulator to pass through the résistance of the boost pump.
The boost pump resistance is considerable relative to the distributed resistance
in the engine feedline (see Table IVa). For example, an introduction into the
feedline of a resistance equal to that of the boost pump would produce a pressure
drop of about 1.6 MN/m?2 (230 psi) which is an order-of-magnitude higher than
the pressure drop in the feedline itself (refer to Table IVb).

For a given volume of pressurant gas in the accumulator, the compliance
is inversely proportional to the steady pressure, For example, during the lat-
ter portion of the booster burn period we find that equal accumulator volumes
yield compliances in the ratio of 1:0,39:0, 04 for the engine-inlet, boost-dis-
charge, and main-discharge locations, respectively. The question is whether
the lower compliances at the downstream locations for the accumulator can be
overcome by the effect of the associated higher upstream resistances.

An initial analysis was performed at burnout, assuming no cavitation of
the pumps and a gain of 2 for each pump. Since the vehicle tank is empty, there
is no contribution to propulsion feedback from tank oscillatory pressure (that is,
H;; = 0). The imaginary part of the feedback due to engine acceleration H, is
plotted vs. frequency on figure 35 for four conditions: no accumulator, and
0.057 m3 (2 ft3) accumulators at each of the three locations. From equation
(5-2), Ly =.0.002 and the Gy from figure 34b were employed to obtain upper
bounds on Hy,; these bounds are shown on the figure for modes I, II, .IIl over the
corresponding bands of frequency shown in figure 34a at burnout. An exceed-
ance of these bounds indicates that the stability goal for Ly is not met. For
reference. the frequency of various feedline modes is indicated by the arrows at
the upper right of figure 35.

Review the matters of interest on figure 35: (1) the no-accumulator case
is up to 32 dB beyond the bounds for modes I and II and 17 dB for mode IIl. Note
that the first peak occurs at 1/4 wavelength in the feedline and the higher modes
at 3/4 and 5/4 wavelengths, as expected. (2) The engine-inlet accumulator only
exceeds the mode II bound by about 1 dB, The strong second peak at about 6 Hz
(about 1/2 wavelength) and the third peak at about 12 Hz (about 1 wavelength)
are located as expected (for example, see fig. 10 of ref, 24). Relative to the
effectiveness of feedline resistance, an analysis at the 6-Hz peak showed that a
removal of feedline resistance would increase the peak value by 21 dB! (3)

The boost-discharge accumulator does not exceed any bound. The first reso-
nance at about 1 Hz has a somewhat lower peak value and higher frequency than
the first peak for the engine-inlet accumulator; the two higher peaks occur at
about the same frequencies as for the engine-inlet case, but at greatly reduced
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Table IV, Propulsion-system parameters for study of

early configuration.

Engine parameters for lox (nominal power level, mixture ratio of 6)

Boost pump resistance(l) 8.8 MN s/m5
Boost pump pressure rise 2,39 MN/m‘2
Resistance of first stage 44. 6 MN s/m5
of main pump

Discharge -line resistance 60.8 MN s/m5
Discharge -line inertance(z) 0.08 MN sz/m5
Combustion-chamber 36.8 MN s/m5
resistance

Feedline parameters

Elevation change 40.6 m
Effective area 0, 0409 m2
Inertance 1.4 MN sZ/m5
Quarter-wave frequency 2.9 Hz
Static pressure drop 0.176 MN/m2
Resistance 0. 733 MN s/m5
Damping ratios
Quarter wave 0.015
Three-quarter wave 0. 005

(0.52 sec/in.z)
(345 psi)
(2. 64 sec/in.z)

(3. 64 sec/in.z)
2,. 2

(0. 005 sec /in.™)

(2.18 sec/in.?)

(1600 in.)
(63.4 in.z)

(0. 081 sec®/in.%)

(25.5 psi)
(0. 0434 sec/in.?%)

(1)resistance in SI units is based on pressure divided by volume flow; in

(2)

engineering units, weight flow is employed.

the flow difference in (1) also applies to inertance.
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peak values (about 18 dB lower at 6 Hz and 34 dB lower at 12 Hz). The strong
reductions in the higher peaks give promise of the potential effectiveness of the
boost-discharge accumulator. Again looking at the importance of feedline
resistance, the resistance was removed and only a 3-dB increase was observed
at 6 Hz, a much lower sensitivity than for the engine-inlet accumulator. (4)
The main-pump-discharge location exceeds the bound for mode II and touches
the bound for mode III. The very low accumulator compliance results in peaks
which are intermediate in frequency to those for no accumulator and those for
the other accumulators. They are also intermediate in peak values,

On the basis of these results the main-pump-discharge accumulator was
dropped from further consideration.

Worst-case stability situations were identified as coincidence of mode II

with the 1/2-wave feedline mode, and mode IIl with the full-wave mode, at 75-
percent burn time (see fig., 34a). Since the higher peaks in Hj are quite narrow
band (see fig, 35), it was decided to plot transfer functions as amplitude -phase
plots to assure that the definition of the peaks was complete. Figure 36 shows
the result for the function Hg(iw), the propulsion feedback due to engine accele-
ration, for the engine-inlet and boost-discharge accumulators, The rapid phase
shifting is clearly evident at the higher resonances, When the phase is between
0 and -180 degrees the feedback is stabilizing, This plot shows that it is largely
the increased phase lag in Hy that produces a lower peak value of its imaginary
part for the boost-discharge accumulator.

Figure 37 shows the result for the function Hﬁo (iw), the propulsion feed-
back due to a unit amplitude of tank pressure. By definition the total tank-
pressure effect H; is the product of the tank pressure per unit engine accelera-
tion, F/’n/¢n(e), and H:

. _ '@n .
Ht(lw) = ¢ (e) Hto(lw) (5'3)

n

Results for all four accumulator cases are shown, Note that this function has a
much different character than does Hg (iw), The amplitude of Ht tends to re-
main relatively high at the higher frequencies. In fact, notice that the value at
the second peak (at 5,9 Hz) for the engine-inlet accumulator is higher than the
second peak (at 8.5 Hz) for no accumulator. We see from figure 34 that for
mode II at 75-percent burn ’cirne,g’n/dan(e) is negative and so a negative imagi-
nary part for H, (destabilizing) requires that Hy, be in the first or second quad-
rants (between -~180 deg and -360 deg on fig. 37). The situation is the reverse
for mode III: positive %, /¢, (e) and Hi, destabilizing in third and fourth quad-
rants (between 0 and_-lélo &ég or beyond -360 deg on fig, 37), For the 75-
percent burn time conditions, it was found that the tank-pressure contribution
dominated over the engine-acceleration contribution. Conditions of minimum
stability are located on figure 37 by the X marks for the mode II and III coinci-
dences and the boost-discharge accumulator is seen to be superior for both
conditions.

The functions Hg (iw) and H.to(iw) were computed for a sequence of engine-
inlet and boost-discharge accumulator volumes, and QN evaluated using equa-
.tions (5-3) and (5-2). Main-pump dynamic gains of 1 and 2 were employed;
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the boost pump gain was maintained at 2. The results are shown on figure 38.
A substantial size advantage for the boost-discharge location is seen. For a
main-pump gain of 1, the stability goal is met with an accumulator volume of
0.048 m3 (1.7 ft3) at the boost discharge and 0.18 m3 (6.3 ft3) at the engine
inlet; for a gain of 2, the corresponding volumes are 0.081 m~ (3.2 ft3) and
0.68 m3 (24 ft3). Thus we see that pump gain is quite an important parameter,

5.3 Prediction of Cavitation Compliance

The empirical method recommended in reference 22 was employed to esti-
mate pump cavitation compliance vs. net positive suction head (NPSH). This was
done for the fuel and oxidizer boost pumps and the first stage of the main pumps,
for operation at a nominal power level and a mixture ratio of 6. The data em-
ployed were obtained from the engine contractor and the resulting values of
parameters used for the prediction are given in Table V. The predicted values
of a dimensionless compliance pgC/A; vs. NPSH are given on figure 39, where
p is the propellant density, A] is the flow area at the pump inlet, and Cy is the
compliance in terms of volume per unit pressure, Two curves are shown for
each pump, one derived using the stay-time basis and the other the curve-fit
basis of reference 22; these two bases gave an equally good correlation withtest-
derived compliance data for the Saturn pumps. The difference in the two curves
for each Shuttle pump on figure 39 is indicative of the uncertainty of the estima-
tion process. The regions plotted are an engineering estimate of overall un~
certainty, namely from half of the lower of the two estimates up to twice the
higher of the two.

5.4 Conclusions

1. The studies of the early configuration showed that the method of
approximate analysis can be employed to obtain useful results.

2., An accumulator between the boost and main pump offers promise of
higher effectiveness than one at the engine inlet. An accumulator
downstream of the first stage of the main pump is relatively inef-

fective,

3. The small distributed resistance of feedlines can make a large dif-
ference in the value at high-frequency peaks in propulsion frequency
response,

4, The necessary pump design information is available to apply the

method of empirical estimation of pump cavitation compliance of
reference 22,
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5.5 Recommendations

A structural damping ratio required for neutral stability of 0, 002
should be employed for initial studies of stability during Shuttle de -

velopment,

The modeling of the external oxygen-hydrogen tank for the Shuttle
vehicle must be sufficiently detailed to determine accurately the first
several modes of vibration of its longitudinal hydroelastic behavior,

Distributed feedline resistance should be included appropriately in
the mathematical model for pogo stability studies.

Accumulators at either the engine-inlet or between the boost and
main pumps should be studied early in Shuttle development.

Propulsion frequency response should be plotted in terms of ampli-
tude vs. phase to assure complete definition at higher feedline
resonances,

The method given in reference 22 is recommended for estimation of
pump cavitation compliance in advance of experimental data, The

estimates should be refined as improved information becomes avail-

able,



APPENDIX A

STRUCTURAL-MODE EXCITATION FROM
TANK DYNAMIC OUTFLOW

A, 1 Formulation of Equations of Motion

Consider the structural/propulsion system shown in figure la, and assume
the system is to be separated into structural and propulsion-system elements as
shown in figures lb, c. (Only a single fluid/tank system is considered.) The
basic objective of this analysis is to define the necessary equations for coupling
the feedline system to the tank in such a way that the effects of flow across the
tank/feedline interface are properly taken into account. Of importance in
figure 1 is the tank plus the boundary conditions at its exit; the particular pro-
pulsion system shown, together with the corresponding reactive forces ¥;, Fp
are incidental to the analysis and are carried along only as an aid to the dis-
cussion., Hamilton's Principle is used to define the system equations (ref. 3
or 4).

A.l.1 Hamilton's Pr1n01p1e. - Considering the structural system of
figure 1b, noting that P A and T, can be viewed as external forces 1ndependent
of the motlons and actlng through! the associated displacements xf(tb) andX..
The associated variational integral I, over the time interval t}, t, is defined as

t

- f 2[g+ PA, x(th) + Y F, -—?{'i]dt (A-1)

t1 1

where & is the Lagrangian for the structural system, defined as kinetic energy T
minus potential energy V. P;A, and F; are the tank-bottom 1 pressure force and
propulsive system reaction forces, respectlvely, x¢(tb) and X x; are the corre-
sponding absolute displacements of the applied forces,

A form of Hamilton's Principle states that an admissible motion of the sys-
tem between specified states of motion at times t; and t, is the "actual” motion
if and only if the variation of the integral I vanishes for arbitrary admissible
variations. That is

t
2
51 = = = - >
I f [6Q+PtA1 5x,(tb) + D F, x.]dt 0 (A-2)

i
tl i

Typically, the Lagrangian & and the coordinates x¢(tb), —:?i will be expressed in
terms of a selected set of generalized coordinates, The equations of motion
result from expressing the integrand of equation (A-2) in terms of variations of
these generalized coordinates,
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A, 1,2 The structural-system Lagrangian. - The Lagrangian of a system
is defined by its potential and kinetic energy. The potential energy for the
structural system is contained entirely within the structure proper since sources
of fluid potential energy, such as surface waves and fluid compressibility, are
neglected., Let V, denote the stored structural energy. Then

V=V (A-3)

Contributions to the kinetic energy, however, arise from both the structure and
the fluid in the tanks., ILet T, denote the kinetic energy arising from fluid mo-
tions relative to the centroid of the vehicle, including the fluid in the tanks. Let
T, be the remaining kinetic energy, associated both with structural motion and
with motion of the fluid as if it were located at the centroid of the system. The
fluid motion relative to the vehicle center of gravity is defined in terms of a
scalar velocity potential function & whose gradient defines the fluid velocity_'\‘rf at

—
I

a point in the fluid denoted by the position vectorr,
vlrg,t) = -ve(F,t) (A-4)
The function @ satisfies Laplace's equation
v = 0 (A-5)

which is the fluid continuity equation for an incompressible fluid, together with
appropriate boundary conditions at fluid surfaces.

The motion of the fluid can be viewed as a superposition of two mutually
exclusive types. The first type is fluid motion within a flexible tank structure,
requiring compatibility of fluid and structural motions at their interfaces; the
remaining fluid boundary conditions at the upper fluid surface and at the tank-
bottom fluid surface are the same as those used for the structural-system modal
analysis. Fluid motions of this type are characterized by the potential function
®; and, by definition, are contained in the modal description of the structural
system. Fluid motion of the second type, characterized by the potential function
®g, is that within a rigid, motionless tank structure; fluid boundary conditions
at the upper surface and tank-bottom fluid surfaces are chosen so that the poten-
tial function & = &, + &, satisfies the fluid boundary conditions of the actual sys-
tem. In effect &; "corrects" for the fluid boundary conditions of the modal
analysis, Thus, over the structure/fluid interfaces

oW
= =
A Ul T
(A-6a)

—-
n

V¢I>0=O
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where T is a unit normal vector directed into the fluid and W ia the normal
component of the tank-wall deflection.

For simplicity surface waves ‘and ullage-space dynamics are neglected,

resulting in a zero-pressure condition at the upper fluid surface. Since oscil-
latory motions only are considered, the free-surface condition becomes

. =&, =0 (A-6b)

In terms of the potential functions &;, ®;, the fluid kinetic energy can be
found by integration over the fluid volume V as

1 -~ 2
T, = > fplvfl dv = Tf1 + TfO + fpv@l * VY, dv )
\' \'
where 3 (A-T7)
_— f =1> dv i
i - 2 "V d (‘V@i) » 1 = 0, 1 y
v

The Divergence Theorem can be used to convert a volume integral into a surface
integral for a suitable vector V as follows:

jV-'x'?dV = - f‘ﬁ-’;ds
\'s S

where T is the unit normal directed into the volume V,.and S is the surface of V.
Applying the theorem to the cross-term integral of equation (A-7), and using

the boundary conditions of equations (A-6) andthe fluid incompressibility require-
ment V2<I>i = 0, yields

where Ay = tank-bottom/feedline interface area. Neglecting any variability of
parameters across Aﬂ, the above can be written simply as

Tf = Tfl + 'I'fO + p@l(tb) Aleo(tb) (A-8)
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where xg¢o(tb) is fluid velocity at the tank bottom corresponding to ®5, and «I>1(tb)
is the velocity potential function @) evaluated at the tank bottom.

The Lagrangian function is now formed, using equations (A-3) and (A-8) as

@ = 3 - -
L = Ts + Tfl + TfO +p¢1(tb) Aﬂxfo(tb) Vs (A-9)

Noting that the Lagrangian corresponding to the structural-mode analysis, Z,,
includes the potential energy V_, and the kinetic energy terms T, and Ty) (aris-
ing from structural motions and from fluid motions corresponding to the potential
P1, respectively), £ can also be written more simply as

L=F  +Ty+ p@l(tb)Azkfo(tb) (A-10)

f0

whereZ, = (Tg + Tyy - Vg) is the Lagrangian of the modal analysis,

Substitution of equation (A-10) into equation (A-2) then yields the variation-
al equation

t

2
&1 =f {azm ¥ 8(Tgq + p@,(tb)A, ;)

ty

+ P, A 6x.(tb) + ?.-5??.}&:0
t7g ot ; i 17 (A-11)

A.1.3 Generalized coordinates, - By introducing the generalized coordi=-
nates from the structural analysis, #,,, and &) (tb) can be written as

-

Lon = 222 Mn (g - 07,
n (A-12)

where M, w, are modal masses and frequencies, respectively, and #y,(tb) is
the modal pressure at the tank-bottom/feedline interface per unit modal accele-
ration, The equation for f[’m is standard; the relationship betwegn modal pres-
sure and potential function @) is obtained from Bernoulli's equation, assuming
small motions. Bernoulli's equation determines pressure at any point in the
fluid as
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6@1 (_\
—_ rf,t) (A-13)

® and &) can be expanded in terms of the modal coordinates as

3 e, Fa )
n

(A-14)

P (T, t) = Zg’ln(rf)ﬁn(t)
n

Subsﬁtuting equations (A-14) into equation (A-13), equating like coefficients, and
evaluating at the tank bottom yields the indicated expansion of &;(tb) in equations
(A-12).

Generalized coordinates can also be introduced for motions described by
the potential function 3. Physically, this represents the case of fluid motion in
a rigid tank arising from oscillatory pressure or flow perturbations at the tank
bottom. Since the fluid is incompressible, only a single coordinate is required.
Define the variable xfo(t) such that

o Fpt) = SO(Ff)Scfo(t) (A-15)

where V&, (tb) = - 1. Then ’.‘fO represents fluid velocity into the tank, Define an
effective Inertance of the fluid in the tank Iy as the ratio of pressure to the time
derivative of the volumetric flow rate,

Py (tb) = LQt) (A-16)

where Qg = A ;cfo(t). Then application of Bernoulli's equation for the potential
2 [simi?ar to equation (A-14) for @1] and comparison with equation (12) yields

L\ .
2(th) = () A k0 (A-17)

For a given tank configuration, I, can be determined approximately by assuming
one -dimensional flow in the tank as '

h
L =f pdt
AN
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where h is the height of fluid above the tank bottom and A.(§) denotes variation
of tank area as a function of distance § above the tank bottom, Alternatively, a
three -dimensional analysis may be performed, the potential function ®( defined
exactly, and defined from considerations of pressure and flow conditions at
the tank bottom as indicated above.

The kinetic energy function Ty can also be expressed in terms of the
"generalized" coordinate x¢y. Applying the Divergence Theorem to the defini-
tion of Tg¢g [equation (A-7)], noting the boundary conditions of equations (A-6)
and the result of equation (A-17), leads to an expression for Tygp as

1 )
Tro = 7 LeByXg0) (A-18)

Substitution of equations (A-12), (A-17), and (A-18) into equation (A-11) produces
the variational equation in terms of generalized modal coordinates as

1. 2.2 , .o
+ 5[5 L, Arke > P _(tb)3 A, xfo]
n

+ PtAf 5Xf(tb) + Z Fi- S(Z ¢inqn )} dt = 0
i n (A-19)

Note that aside from definition of the absolute fluid displacement at the tank bot-
tom [ that is, x¢(tb) in terms of x¢g, g ], the above equation is independent of the
specific boundary conditions as sumednat the tank-bottom/feedline fluid interface.
The final equations of motion are derived below for modal analyses assuming
several particular choices of this boundary condition.

A.2 Case l: Zero Absolute Flow

The simplest case results when one assumes that the absolute motion of
the fluid is zero at the tank-bottom opening. The tank-bottom structure is un-
constrained, so that outflow from the tank is permissible in the structural sys-
tem modes, This is equivalent to having a piston in the tank-bottom opening,
fixed in inertial space. Then, at the tank bottom,

xfl(tb) =0
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!3y definition of &, &, @, the absolute velocity of the fluid at the tank bottom
x¢(tb) is given by

ch(tb) = ;:f {tb) +§cf0(tb)

1

Accounting for the tank-bottom boundary condition, the absolute motion of the
fluid at the tank-bottom/feedline interface is defined solely by &5 and we can
write

xf(tb) = xfo(tb) (A-20)

Substituting equation (A-20) into equation (A-19), performing the indicated varia-
tions and integrating by parts those terms containing variations of velocities

6q, and 65{f0, noting that the operations of variation and time differentiation are
commutative and that 6q,, 6x;y are zero when evaluated at t; and t,, yields

ol

t
2
) 1 . 2 - -
o1 -f { ?[’Mn(‘ln * wnqn) - 'Z,n(tb)AleO + ZFi‘ ¢in]6qn
t

1

1
* [’LtA;z *f0 - Zg’in(tb)qn * Pt] Ay 6xfo§ dt
n

Setting 61 = 0 for arbitrary variations, so that the required equations of motion
are

; P1a0) F, ¢,
q, + w. q = ———11\:11 Q+ ——]]:VI e
n . n
b ¢ (A-21)

Pt - _LtQ +Z g,ln(tb)qn
n

The absolute volumetric flow at the tank-bottom/feedline interface, Q = -A Kenr
has been introduced (positive direction downward in fig. 1) for compatibility
with the usual formulation of the propulsion-system equations.,
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A.3 Case 2: Zero Relative Flow (Closed-Bottom Tank)

In the usual approach to computing structural modes, the tank bottom is
assumed to be closed, that is, the fluid and structure at the tank bottom have the
same motion, Equivalently, a piston in the tank-bottom opening is fixed to the
tank-bottom structure., Therefore,

xfl(tb) = x(tb)

where x(tb) is the tank-bottom structural motion, For this case the potential
function §( represents flow across the tank bottom. Accordingly, absolute fluid
velocity is given by

(tb) = 5<f0 + x(tb)

X
f
or, we can write

xf(tb) = xfo(tb) + x(tb) (A-22)

Noting that the tank-bottom displacement can be written in terms of the structural
modal coordinates as

x(tb) = Z¢ (tb)q

Substitution of equation (A-22) into the variational equation (A-19) yields

f { [ EM (.n - qz)] ¥ 6[; LeAs g +Z-7’1 (tb)a, A fo]

ty
+PA S [xfo(tb) +;¢n(tb)qn] +E 5( . ¢1nqn)} dt = 0

i

Performing the indicated variations, integrating variations of velocity terms by
parts, and requiring the variational equation 6I = 0 to be satisfied for arbitrary
variations produces the following equations of motion:
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—=

P b) P A F.-¢

- 2 B 1n(t : t™ 4 i "in

q, tw a ———QR+ ¢n(tb)+ E —_—
i

-~

M M
n n
(A-23)

P, = -LQp +) & (tbla,
n

where Qp = - Azicfo is the outflow from the tank. By continuity the absolute
volumetric flow Q (positive downward) is given by

Q = QR - Aﬂx(tb)
or, introducing modal coordinates,
Q = QR - Al Z ¢n(1:b)qn (A-24)
n

Eliminating the relative flow term Q_ from equation (A-23) by use of equation
(A-24) produces the following equations in terms of absolute volumetric flow Q:

- 5 Py,(th) , P,(tb) . PA g (tb) -
qQ, t @n, - M_ ‘L;Az ¢ (th)a | = M Q+—— +ZF1’¢’in

n i

P, = -Lté + [ 2, (tb) - A, Lt¢k(tb)]<'{lk
k (A-25)

Unfortunately, the modal coordinates for this system are coupled. The coupling
coefficients, however, can be shown to be a function of the ratio of feedline area
divided by tank area and are therefore small (see sec. 1.5).

A,4 Case 3: Free Flow

The final case to be considered is that of free or unrestrained flow at the
tank bottom. For this case a zero-pressure condition exists at the tank-bottom

115



opening in the modal analysis, implying
<I>1(tb) =0
The variational equation becomes
2[4 2 22
61 :f {5[2 ZMn(qn - wnqn)]
n
ty

+P A, 6[21: ¢fn(tb)qn] + Flz ¢in6qn} dt
1

(A-26)
and yields the structural-system equation
PA
- 2 'y = =
9p + “ndp = W ¢fn(tb) +Z Fi Pin (A-27a)
i
Absolute fluid volumetric flow at the line /tank interface is defined by
Q = - AIZ ¢fn(tb)qn (A=-27b)
n

A.5 A Reciprocity Relationship

An interesting reciprocity relationship evolves from the symmetry of the
cross-term integral containing &;, ®, in equation (A-7). An interchange of the
roles of ®; and & in the application of the Divergence Theorem produces the
equality:

f PO T - Ve, dS = f PRl + V&) dS
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where S' is the surface area not in contact with the ullage, This can also be

written as
/ P %, dS = /p@ole| ds (A-28)

1
A‘2 S

Disregarding time derivatives, equation (A-28) can be interpreted as stating a
reciprocity relationship between pressures and motions in the flexible- and
rigid-tank systems (corresponding to the fluid potentials @] and &y, respective-
ly). From Bernoulli's equation [see equation (A-13)] the terms p&; can be seen
to represent fluid pressures, The left side of equation (A-13) can therefore be
viewed as expressing the work done over the tank-bottom area Ay, by the pres-
sure at the tank-bottom in the flexible -tank system acting through the tank-
bottom fluid displacement x¢qg in the rigid-tank system. Considering Case 1,
where @, is zero over the tank bottom, S' becomes the wetted area of the tank,
The right side of equation (A-28) can be interpreted as the converse of the left
side, namely the work done, over the tank wetted surface,.by the tank-wall
pressures in the rigid-tank system acting through the normal dispacements of
the tank wall in the flexible-tank system. For Case 2, the right side also con-
tains terms from integration over the tank-bottom area Ag.

A,6 Summary

The equations of motion for the structural-system modal coordinates have
been modified to account for the effects of tank dynamic outflow. The equations
are presented for three cases, based on different boundary conditions for the
fluid at the tank-bottom/feedline interface in the structural-system modal analy-
sis. For ease in coupling with the propulsive-system equations, the system
equations are defined in terms of the pressure P; and absolute volumetric flow
Q at the tank-bottom/feedline interface, propulsion-system reactive forces Fj,
and structural-system modal coordinates q,-

The fluid boundary conditions considered were (1) zero absolute flow, with
the resulting equations of motion given by equations (A-20); (2) zero relative
flow (closed-bottom tank), with the equations of motion being given by equations
(A-25); and (3) free flow (free surface), with the equations of motion being given
by equations (A-27).
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APPENDIX B

MINIMUM-FREQUENCY ERROR MODELS

Our goal is to derive models which minimize the error in modal frequen-
cies, Consider a transmission matrix [a] representing one of N segments of a
uniform line. The transmission matrix for the entire line is then [d] = [a]N,
Following the work of reference 15, when a;; = az;

311 = '522 = %N cos N© (B-1a)
. -a
a_ =N 12 5in N6 (B-1b)
12 a
21
-a
a,. =W 21 ¢in No (B-1c)
21 p
12
where
¥ - |a
and
. -a a
o = sin”t[\/ 22 2L (B-1d)
X

For a spring-mass system of N segments with the input end fixed and the
output end free, corresponding to open-closed boundary conditions for a fluid,
we have

Fy 11 Zio|f ©
0 Y21 %22 1*N
or
aZZXN =0
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which is only true for the non-trivial case if

d,, =0 (B-2)

Using equation (B-la), the open-closed characteristic equation is then

cos N6 = 0 or NGO = 2“’2' L. (B-3)

where v=1, 2, ..., oo. Similarly, the zeros of 512 and 321 are the eigenvalues
for the free-free and fixed-fixed boundary conditions. For either case

sin No = O or No =vw (B-4)

where v = 1, 2, ... oo.

Consider a transmission matrix with an undetermined coefficient "a" as
follows:

T,
1—(0)2) —L[l-—a(wT’)]
[e] = B-5
Lwr)? o dor) .
L 2
where 7' = 7/N is the travel time for one segment. From equation (B-1ld),
X% 21 4(1/4 - a)wr)t
Letting
1 - 12
U = sinf = {wt') V1 = a(wr')

14 (1/4 - a)(or)F

we obtain

2
a = (an)[l —%(w‘r')z - (-?.‘.8_ -a +-i—> (wT')4 +...]

However
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and hence
6 = (wTh) 1+<—l—-i) (w‘r')z-l-... (B-6)
6 2
Retaining only lower order terms, this series can be reverted to yield,

(wﬂ)zG[l-(é—-%)eer...] (B-7)

Combining equation (B-7) with (B-5) for a fixed-fixed or free-free condi-
tion yields

1 a VZTTZ
Not' =wr = wm|1- (-2 . (B-8)
6 2 2 {
N
The exact solution is, of course, from
sin(wt) = 0 or wWT = VT (B-9)

To eliminate the l/NZ term in equation (B-8), we employ the value a = 1/3, Thus
the transmission matrix

2 2
(wT)
1 - -L(i - .(__‘*’_;)_)
[e] = 2 (B-10)
Ti_j(w‘r)z | -(—(%

will have an error proportional to 1/N4.

Similarly, starting from the more general transmission matrix

i - a.(cu"r)2 —L[i - b(w‘f)z]

1 - a(wr)?

it is possible to show that the pairs of roots of the following two equations

270 2% - 480 a + 167 = 0

b =4a-5/3
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will result in a frequency error proportional to 1/N6. The pairs of roots are

0.2317...

a = 0.4746, b
and

a = 1.303, b = 3.545...

The first pair of roots corresponds to coefficients similar to previous models
and yields reasonable results, while the second pair yields results quite
removed from others. Thus the transmission matrix

t-0.4746(0r)>  -L[t - 0.2317(wm)?]
[a] = . 5 5 (B-12)
I (wT) 1 - 0.4746(wT)
6

is used as having a frequency error proportional to 1/N",
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